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Note that we use the Latin letters a, b, d, e, eNom, g, L, p11, and pllPerfect to represent «, B, 6, € €, 7,

1,1

A, pj, and *pﬁl'l), respectively, in the formulas below.

Section 4.1: Variance of Disturbance Estimate
Variance of the disturbance estimate in the ideal case assuming € = € , expressed in terms of y and e.

pliPerfect = FullSimplify[(a+b+jb®+jNab)/((1+jb) (1+jb+ jNa)) /. {a»eg, b (1-e)g}]
g(-1+(-1+e)gj (1l+e (-1+N)))

(-1+(-1+€)gj) (L+gj (Lre (-1+N)))

Proposition 1:
Variance of the disturbance estimate in the general case e # € . (This expression is derived and proven in the
Appendix, at the bottom of this document.)

pll =
FullSimplify[FactorTerms[(g (1 + (3J + ((N-2)%x2J - (N-1)2jd)eNom - j (N - 1) eNom™2)g - jn2
(-3 +4(-(N-2) + (N-1)/2d)yeNom + (-(N-3)"2+ N+ 2+ (N-1) (N-2)d) eNom 2 +
(N-1) (N-2)eNom™3) g2 + J~"3 (1 + (N - 2) eNom - (N - 1) eNom~2)"~2g~"3)) /
((L -3 (-1 +eNom)yg)~2(L+ (J+J(N-1)eNom)g)"2)]]
(g ((-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N))) (-1+ (-1+eNom)gj (L+eNom (-1+N))) -
deNomgj (2+gJ (2+eNom (-2+N))) (-1+N))) /((-1+ (-1+eNom) gj)® (1+gj (1+eNom (-1+N)))?)

Dividing p}"" into f;(y, & N) and g;(y, & N) .

fj = FullSimplify[pll /. {d > 0}]

g(-1+(-1+eNom)gj (1+eNom (-1+N)))

(-1+ (-1+eNom)gj) (1+9j (L+eNom (-1+N)))
gj = FullSimplify[D[pl1l, d]] * (-1)

eNomg?j (2+9gj (2+eNom (-2+N))) (-1+N)

(-1+ (-1+eNom) g )2 (L+gj (L+eNom (-1+N)))?
check = FullSimplify[pll- (fj -d *gj)]
0

Independent Estimation with N=1 results in equal variances for both cases, the perfect knowledge case with € = € and
the general case € + € .

pliPerfectindep = FullSimplify[pllPerfect /. {N-» 1}]

g
1+9]
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ngl= pllindep = FullSimplify[pll /. {N- 1}]
9
1+9]
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with
ino:= FullSimplify[D[pllindep , j]]
g2

outfgls -~ —————
(1+913)

Joint Estimation shows a larger variance in the case of e + € .
0= diff = FullSimplify[pll - pl1lPerfect /. e » (eNom+d)]

oufao= - (d?

H+‘—'

gjJ (3+gJ (3+gj+eNom(d (2+gjJ (2+eNom (-2+N))) +eNom (3+gJ (3+eNom (-2+N)))) (-1+N))))
+N)) /((-1+ (-1+eNom) gj)® (-1+ (-1+d+eNom) gj)

g?
(1
(-
(1+gj (L+eNom (-1 +N)))? (1~ (-1+d+eNom) gj+ (d+eNom) gjN))

The difference is positive for ¢, y, €, j >0, N>1,and § +€ < 1.

-- Partial derivative of p(jl’l) with respecttodande .

1= FullSimplify [D[pll, d]]

eNomg?j (2+9gj (2+eNom (-2+N))) (-1 +N)

Out[11]=
(-1+ (-1+eNom) g )2 (1+gj (L+eNom (-1+N)))?

inf12):= FullSimplify[D[pll /. d » e -eNom, e]]

eNomg?j (2+9gj (2+eNom (-2+N))) (-1+N)

out[12]= -
(-1+ (-1+eNom) g )2 (L+gj (L+eNom (-1+N)))?

-- Limit behavior of f;(y, €, N)forj— oo .

inf3)= FullSimplify [D[f], J]1]

oufiz= (g* (-1 +eNom? -2 (-1 +eNom)?gj - (-1 +eNom)* g?j2+
eNom (-eNom +2 (-1 +eNom) gj +2 (-1 +eNom)®g?j?) N- (-1 +eNom)®eNom? g2 jZN?)) /
((-1+ (-1+eNom) gj)? (1+gj (1+eNom (-1+N)))?)

in141:= FullSimplify [Limit[fj, j » Infinity]]

outf14]= 0

-- Limit behavior of pﬁl’l) forj>ccand e+ 1.

5= FullSimplify [Limit[pll, j -» Infinity]]

ou15)= 0

-- Limit of pgl‘l) forj —» oo and € = 1, denoted by ¢(y, §, N) .
* Note that in this case, é is smaller than zero,-1<6§<0.*

6= ell = FullSimplify[Limit[pll /. eNom > 1, j - Infinity]]

1
oufie= dg [—1+ NJ

7= FullSimplify[D[ell, N]]

dg
Out[17]= - ———
N2
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FullSimplify[D[ell, d]]

o]

FullSimplify[D[ell, g]]
1

I
N

d

FullSimplify[Limit[ell /. d > -1, N- Infinity]]

g

Section 4.2: Performance Index

Performance index *R in the ideal case assuming e =€ .
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Rperfect = FullSimplify[Together|[ (pllPerfectindep + L) / (pllPerfect +L)]]

(-1+(-1+e)gd) (g+L+gJL) (1+gj(1+e(-1+N)))

(1+9J) (L+g(1+jJL(2+e (-2+N))-(-1+e)gJ (L+JL) (L+e (-1+N))))

FullSimplify[Limit[Rperfect /. {e~> 1, L -0}, jJ » Infinity]]

N

FullSimplify[Limit[Rperfect, j -» Infinity]]
1

Performance index R in the general case assuming € # € .

R = FullSimplify[(pllindep+ L) / (p1l1l+L)]

9

— +
1+9]j
L g ((-1+(-1+eNom) gj) (1+gj (1+eNom (-1+N))) (-1+(-1+eNom) gj (1+eNom (-1+N)))-deNomgj (2+gj (2+eNom (-2+N))) (-1+N))
+
(-1+(-1+eNom) gj)? (1+gj (1+eNom (-1+N)))?2
Lemma 2:

-- Limit behavior of R forj—» ccand € + 1.
FullSimplify[Limit[R, j » Infinity]]
1

-- Limit of R forj - o and € =1, denoted by /r(y, N, 6, 1) .
* Note that in this case, 6 is smaller than zero,-1<6§<0.*

ellR = FullSimplify[Limit[R /. eNom-> 1, j - Infinity]]

LN
dg-dgN+LN
FullSimplify[D[ellR, N]]
dglL

(dg (-1+N) -LN)?
FullSimplify[D[ellR, d]]
gL (-1+N) N

(LN+d (g-gN))?
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in2o):= FullSimplify[Limit[ellR /. d > -1, N Infinity]]
L

Out[29]=
g+L

Lemma 3:
The non-positive partial derivative below allows us to state the implication (59).

inzo;:= FUllSimplify [D[Fj , N]1]

eNom? g2 j
out[30]=

(-1+ (-1+eNom)gj) (L+gj (L+eNom (-1+N)))?
Partial derivative of R with respectto € .

in31:= FullSimplify[D[R /. d - e -eNom, eNom]]

out[31= - +L

(1+9j (3+9J (3+gJ+eNom? (3+gj (3+eNom (-2+N))) (-1+N))))

2 (e - eNom) ¢ j [

1+9]
(—1+N)]/ ((—1+ (-1+eNom) gj)3 (L+gj (L+eNom (-1+N)))3

(L+ (g ((-1+(-1+eNom)gj) (L+gJ (L+eNom (-1+N))) (-1+ (-1+eNom)gj (L+eNom (-1+N))) -
(e -eNom) eNomgj (2+gj (2+eNom (-2+N))) (-1+N))) /

((-1+ (-1+eNom) gj)2 (1+gj (1+eNom (71+N)))2))2)

Lemma 4:
To derive the inequality (61), we use § = € - € . Theright side of the inequality is

nz2r= IneqR = FullSimplify[(fj- (fj /- N> 1) +eNomgj) /gj]

eNom (1+gj (2+9gj (L+eNom? (-1+N))))

Out[32]= - =
(1+g9J) (2+9J (2+eNom (-2+N)))

and therefore hj(y, €, N)

in33)= hj = InegR / eNom

1+eNom? (-1+N)))

1+9g] (2 +0]J
Out[33]=
9

(
(1+9J) (2+9gJ (2+eNom (-2+N)))
which is smaller than 1

in3a):= FullSimplify[Together[1l-hj]]

(-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))
Out[34]= -

(1+9j§) (2+9J (2+eNom (-2 +N)))
and
inasi= FullSimplify [D[hj, N]]

eNomgj (-1+ (-1+eNom) g j)?2

Out[35]= -
(1+9j) (2+9j (2+eNom (-2 +N)))?

6= hjLimN = FullSimplify[Limit[hj, N - Infinity]]

eNomg j

Oout[36]= ————
1+9]

in371:= FullSimplify [Limit[hjLimN , j » Infinity]]

out37)= eNom
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Remove [p11]

Appendix A: Proof of Proposition 1

The covariance matrix is defined by four elements pﬁo’o), pﬁo'l), pﬁl'l), pﬁl'z). These are denoted by p0O[j_], pO1[j_],

pll[j_], p12[j_] below.

(1) Explicit representation of the Kalman gains K;.
First, we derive an explicit representation of the Kalman gains K;. The Kalman gain is defined by the three scalar

values k;o’l), k;l’l), k;l’z) denoted by k01j, k11j, k12j below. In Schéllig et al. (2010), the Kalman gains were given in

terms of the matrix S;, see Section 3, eq.(19), which is analogously defined by four scalar values s(jo’o), sﬁo'l), El'l),

s(jl’z). From Schéllig et al. (2010) eq. (43) with the nominal distrubance variances @, 3 (denoted by aNom, bNom)

inRo)= S00[J_1 = FullSimplify[ (1 + j bNom) aNom / (1 + j bNom + j NaNom) /. {aNom - eNomg, bNom - (1-eNom) g}]

eNomg (1+9g (j -eNomj))

Out[39]= -
1+9J (1+eNom (-1+N))

in40;:= SO1[j_1 = FullSimplify[aNom/ (1 + j bNom+ j NaNom) /. {aNom - eNomg, bNom - (1 -eNom) g}l

eNom g

out[40]=
' 1+9j (L+eNom (-1+N))

ina1:= s11[j_1 = FullSimplify[ (aNom + bNom + j bNom”~2 + j N aNom bNom) / (1 + j bNom) / (1 + j bNom + j NaNom) /.
{aNom - eNomg, bNom - (1 -eNom) g}]

g(-1+(-1+eNom)gj (1+eNom (-1+N)))

Out[41]=
(-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))

ina2):= s12[j_1 = FullSimplify[aNom/ (1 + j bNom) / (1 + j bNom + j NaNom) /. {aNom - eNomg, bNom - (1-eNom) g}]

eNomg
outf42= -

(-1+ (-1+eNom)gj) (L+gJ (L+eNom (-1+N)))

From Schdllig et al. (2010) eq. (41) with (38) and (39), we obtain the closed-form representation of the Kalman
gains.

3= N1 = FullSimplify[1+s1l1[j-1] -s12[j-1]]

-1+ (-1+eNom) gj
Out[43]=

-1+ (-1+eNom) g (-1+])
inal= N2 = FullSimplify[1+s11[j-1]+ (N-1) s12[j-1]]

1+gJ (L+eNom (-1+N))

out[44]= -
1+g(-1+]J) (L+eNom (-1+N))

in@as)= m1l = FullSimplify[(1+s11[j-1] + (N-2) s12[j-1]) /nl/n2]

-1+g(1-j (2+eNom (-2+N))) + (-1 +eNom) g2 (-1+j) J (L+eNom (-1+N))
Out[45]=

(-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))
in4e):= m12 = FullSimplify[-s12[j -1] /nl/n2]

eNomg

Out[46]=
(-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))
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kO1j = FullSimplify[sO1l[j -1] (m11l+ (N-1) ml2)]

eNomg

1+gJ (L+eNom (-1+N))

k12j = FullSimplify[sl11[j - 1] m12 +s12[j -1] m1l + (N-2) s12[j - 1] m12]

eNomg

(-1+ (-1+eNom)gj) (1+9gj (L+eNom (-1+N)))
k11ly = FullSimplify[s11[j-1]mll+ (N-1) s12[j-1] ml2]

g(-1+(-1+eNom)gj (1+eNom (-1+N)))

(-1+ (-1+eNom)gj) (1+gjJ (L+eNom (-1+N)))
check = FullSimplify[kllj - fj]
0

. . 0,0 (01 (11 (12
(I1) Recursive equations for p;™, p; ", p; ", p;

Second, from eq. (22) with the closed form of the Kalman gain K; derived above, recursive equations are derived for

0,0 0,1 1,1 12 . . . . . . Lo
pﬁ g pﬁ g p(]- | pﬁ ' Matrices of intermediate results are symmetric and represented by its scalar entries similar to

how it was done for S;.
Compute A= (I - K; H)Pj_;.

a00 = FullSimplify[pO0[j - 1] -N kO1j pO1[j -1]1]

eNomgNpO1[-1+ ]
po0[-1+ j]

" 149gj (1+eNom (-1+N))
a01 = FullSimplify [pOL[j - 1] - p11[j - 1] KOLj - (N - 1) p12[j - 1] kO1j]

(1+gJ (L+eNom (-1+N))) pOl[-1+j] -eNomg (p1l1[-1+J] + (-1 +N) pl2[-1+]])

1+gJ (1+eNom (-1+N))
al0 = FullSimplify[(1-kl11j- (N-1) k12j) pOl1l[j -1]]

(L+g(-1+J) (L+eNom (-1 +N))) pOl[-1+j]

1+gJ (1+eNom (-1+N))
all = FullSimplify[(1-k11j) pl1l[j-1] - (N-1) k12j p12[j-1]]

((-1+g(1-j (2+eNom (-2+N))) + (-1+eNom) g* (-1+j) J (L+eNom (-1+N))) pll[-1+j] +
eNomg (-1 +N) p12[71+jJ)/((71+ (-1+eNom)gjJ) (L+gJ (L+eNom (-1+N))))

al2 = Ful 1Simplify[ (1 -k11j) pl2[j - 1] - k12 (p11l[j - 1] + (N-2) p12[j - 1])]

eNomgpll[-1+J]+g (1+gj+eNom (-2+N+gjJ (-2+eNom+N-eNomN))) pl2[-1+ ]

pl2[-1+J] +
(-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))

Compute C=A (I - K; H)'.
c00 = FullSimplify[a00 - NkO1j a01]

eNomgN (-2 (1+9gjJ (1+eNom (-1 +N))) pOLl[-1+jJ] +eNomg (P11[-1+J] + (-1 +N) pl2[-1+J]))
pO0[-1+j] +

(1+9gj (1+eNom (-1+N)))?

cOl = FullSimplify[aOl (1-k11lj - (N-1)k12j)]

((L+g (-1+j) (1+eNom (-1+N)))
((L+gJ (L+eNom (-1 +N))) pOl[-1+j] -eNomg (pl1[-1+]J] + (-1 +N) p12[—1+j])))/
(1+gj (L+eNom (-1 +N)))2
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inse):= €10 = FullSimplify[al0 - kO01j (all+ (N-1) al2)]

ousgl= ((L+9 (-1+J) (L+eNom (-1+N)))
((1+9J (L+eNom (-1 +N))) pOL[-1+j] -eNomg (p11[-1+J] + (-1 +N) plZ[—1+j})))/
(1+gj (L+eNom (-1+N)))2
inso)= €11l = FullSimplify[ (1 -k11lj) all - (N-1) k12j al2]

g(1l-(-1+eNom)gj (L+eNom (-1+N)))
Out[59]=

[1+ (-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))
((-1+g(1-j (2+eNom (-2+N))) + (-1+eNom) g* (-1+j) j (L+eNom (-1+N))) pll[-1+j] +
eNomg (-1+N) pl2[-1+j]) +eNomg (-1+N)
eNomgpll[-1+J]+g(1+gj+eNom (-2+N+g]j (2+eNom+NeNomN)))p12[1+j}]]/

[plZ[—l+j] +
(-1+ (-1+eNom)gjJ) (1+gJ (L+eNom (-1+N)))

((-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N))))
o= €12 = FullSimplify[(1-k11lj) al2 -k12j all- (N-2) k12j al2]

outeoj= (eNomg (-2-g (-1+2J) (2+eNom (-2+N)) +2 (-1 +eNom) g® (-1+J) j (L+eNom (-1+N))) pll[-1+j] +
(1+29 (-1+2f+eNom (-1+J) (-2+N)) -2 (-L+eNom) g (-1+J)j (-1+2J+eNom (-1+j) (-2+N))
(1+eNom (-1 +N)) + (-1+eNom)®g* (-1+§)*j2 (1+eNom (-1+N))?+g? (1+6 (-1+J) j+
2eNom (-1+j) (-1+3j) (-2+N) +eNom? (3+ (-3+N) N+j2 (6+ (-6+N)N) -2 (5+ (-5+N) N))))
p12(-1+§]) /((-1+ (-1+eNom) gj)® (1+gj (L+eNom (-1+N)))?)

Compute Pj= C + K| K]-T. We call the resulting matrix entries pOORecursive etc. in contrast to p0OO[j_] which will

represent the closed-form representation of P;.

in61]:= POORecursive = FullSimplify[cO0 + N kO1j kO1j ]

oute1]= POO[-1+ ] +
eNomgN (-2 (1+gj (L+eNom (-1 +N))) pOl[-1+j] +eNomg (L +pll[-1+J] + (-1+N)pl2[-1+]]))

(1+gj (1+eNom (-1 +N)))?
in62]:= PO1Recursive = FullSimplify[cOl + kO1j (k11j + (N-1) k12j)]

oufez- (eNomg? (1+eNom (-1+N)) + (1+g (-1+J) (L+eNom (-1+N)))
((1+9gJ (L+eNom (-1 +N))) pOL[-1+j] -eNomg (p11[-1+J] + (-1 +N) p12[71+j])))/
(1+gj (L+eNom (-1 +N)))?

in63):= P1ORecursive = FullSimplify[cl10 + kO1j (k11j + (N-1) k12j)]

oufes- (eNomg? (1+eNom (-1+N)) + (L+g (-1+J) (L+eNom (-1+N)))
((1+9gJ (L+eNom (-1 +N))) pOL[-1+j] -eNomg (p11[-1+J] + (-1 +N) p12[71+j])))/
(1+gj (L+eNom (-1 +N)))?2

s = pliRecursive = FullSimplify[cll + k11j k11j + (N - 1) k12j k12j]

oural= |@% (-1 + (-1 +eNom) gj (1+eNom (-1 +N)))2+eNom?g? (-1+N) +

1+
[ (-1+ (-1+eNom)gjJ) (L+gJ (L+eNom (-1+N)))
((-1+9(1-j (2+eNom (-2+N))) + (-1 +eNom) g (-1+J)J (L+eNom (-1+N))) pll[-1+j] +

(-1+ (-1+eNom)gj) (1+gJ (L+eNom (-1+N)))

g(l-(-1+eNom)gj (1+eNom (-1+N))) ]

eNomg (-1+N) pl2[-1+j]) +eNomg (-1+N) [p12[—1+j] +

eNomgpll[-1+J]+g (1+gj+eNom (-2+N+gjJ (-2+eNom+N-eNomN))) pl2[-1+ ] /
(-1+ (-1+eNom)gj) (1+gjJ (L+eNom (-1+N))) ]]]
((-1+ (-1+eNom) gj)® (1+gj (1+eNom (-1+N)))?)
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ines):= Pl2Recursive = FullSimplify[cl2 + 2 kl11lj k12j + (N -2) k12j k12j]

out[65]= (eNomg2 (2+2gj+eNom (-2+N+2gJ (-2+eNom+N-eNomN))) +
eNomg (-2-g (-1+2j) (2+eNom (-2+N)) +2 (-1+eNom) g* (-1+j) J (L+eNom (-1+N))) pll[-1+j] +
(l+29 (-1+2f+eNom (-1+j) (-2+N)) -2 (-L+eNom) g3 (-1+J)j (-1+2J+eNom (-1+j) (-2+N))
(1+eNom (-1 +N)) + (-1 +eNom)®g* (-1+§)>§2? (L+eNom (-1+N))®+g? (1+6 (-1+J) j+
2eNom (-1+j) (-1+3j) (-2+N) +eNom? (3+ (-3+N) N+j2 (6+ (-6+N)N) -2J (5+ (-5+N)N))))
p12(-1+§]) /((-1+ (-1+eNom) gj)® (1+gj (L+eNom (-1+N)))?)

(1) Explicit representation of pﬁo’o), p(jo’l), pﬁl’l), pﬁl'z) (Induction Hypothesis)

Third, we introduce the closed-form representation of P; (our guess) which we will prove by induction given the
recursive equation above.

ine6l:= POO[J_]1 = FullSimplify[
(g ((d+eNom) (L+g (J-eNomj))~2+eNom™2gj (1-(-1+d+eNom)gj)N))/ (L+gJ (L+eNom (-1+N)))"2]

g ((d+eNom) (1+g (j —eNom j))?+eNom2gj (1- (-1+d+eNom) gj) N)

out{66]= - 5
(1+9gJ (L+eNom (-1+N)))

in67):= POL[J_1 = FullSimplify[(g (d+eNom+dgj+eNomgj (L+eNom (-1+N))))/ (L+9gJ (L+eNom (-1+N)))" 2]

g(d+eNom+dgj+eNomgj (1+eNom (-1+N)))

Oout[67]=
(L+gj (1L+eNom (-1 +N)))2

ines):= P1O[J_1 = FullSimplify[(g (d+eNom+dgj+eNomgj (L+eNom (-1+N)))) / (1+9gJ (L+eNom (-1+N)))"2]

g(d+eNom+dgj+eNomgj (1+eNom (-1+N)))

Out[68]=
(1+gj (1+eNom (-1 +N)))?

ineol:= check = pO1[j] -pO01l[j]
out6g]= 0
o= Pli[j_1 = FullSimplify[

(g ((-1+ (-1+eNom)gj) (L+gjJ (L+eNom (-1 +N))) (-1+ (-1+eNom)gjJ (L+eNom (-1+N))) -deNomg j
(2+gJ (2+eNom (-2+N))) (-1+ N))) / ((-1+ (-1+eNom) g J)"2 (1+9g J (L+eNom (-1+N)))”"2)]

ou70)= (@ ((-1+ (-1+eNom)gj) (1+9gJ (L+eNom (-1+N))) (-1+ (-1+eNom)gj (L+eNom (-1+N))) -
deNomgj (2+gj (2+eNom (-2+N))) (-1+N))) / ((-1+ (-1 +eNom) gj)? (1+gj (1+eNom (-1+N)))?)

n71:= pl2[j_1 = FullSimplify[
(9d@+gJ(2+9 3 (L+eNom”™2 (-1 +N)))) -eNom (-1+ (-1+eNom)g J) (L+g J (L+eNom (-1+N))))) /
((-1+ (-1+eNom) g J)™2 (1+9g J (L+eNom (-1+N)))"2)]

g(d(1+9J (2+9J (L+eNom? (-1+N)))) -eNom (-1+ (-1+eNom) gj) (L+gj (L+eNom (-1+N))))

out[71]=
(-1+ (-1+eNom) g j)2 (1+gj (L+eNom (-1+N)))?
(IV) Explicit representation of P; is true for j=0. (Base Case)
For j=1, the closed-form representation results in the true initial noise variance given by eq. (9) (cf. also eq. (20)).
Recall that € = € + § which represents the real distrubance partitioning.
in[72}= P00 [0]

ou72]= (d + eNom) g
in73):= P10[0]
ou73l= (d + eNom) g

in[741= p11[0]

out[74]= 9
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in7s):= p12[0]

out75)= (d + eNom) g

(V) Explicit representation of P; satisfies the recursive equations. (Inductive Step)

We plug in p00[j-1], pO1[j-1], p10[j-1], p11[j-1], p12[j-1] into the derived recursive equations pOORecursive, p01Recur-
sive etc. and show that the value equals pOO[j], pO1[j], p10[j], p11[j], p12[j]. q.e.d

in[76l:= FullSimplify [pOORecursive - p00[j]]
out76]= 0
inf771:= FullSimplify [pOlRecursive - pO1[j]]
ou77)= 0
in7el:= FullSimplify [plORecursive - p10[j]]
out[7el= 0
in[791= FullSimplify[pllRecursive - pl1[j]]
out79)= 0
ingo;:= FullSimplify[pl2Recursive - p12[j]]

outigo}= O



