
11. Observers and the Separation Principle

11.1 A common strategy for control
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x̂(k), estimate of state x(k)
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• In this class, we focused on the estimator.

• In the class Dynamic Programming and Optimal Control (taught in fall), we focused on the control,
which assumes that we have the system state at our disposal.

• Does it make sense to separate these two steps? The answer is often yes, sometimes in a provable
way.

11.2 Observers for linear, time invariant systems

We consider systems of the form:

x(k) = Ax(k − 1) +Bu(k) + v(k) process model

z(k) = Hx(k) + w(k) measurement model.

In the absence of noise, can we design a simple algorithm that will provide an estimate of x(k), call it
x̂(k), which converges to x(k) as k → ∞?

We assume that dim(z) < dim(x), meaning that we have less measurements than states; otherwise the
question is trivial if H is full rank.
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We consider an observer of the following form (also called a Luenberger Observer):

x̂(k) = A x̂(k − 1) +Bu(k) +K (z(k)− ẑ(k))

ẑ(k) = H (A x̂(k − 1) +Bu(k)) ,

where K is a correction matrix and (Ax̂(k − 1) +Bu(k)) is what we predict the state should be.

It turns out that we have already analyzed this in the context of the steady-state Kalman filter. Let
e(k) = x(k)− x̂(k). In the absence of noise (v(k) = 0, w(k) = 0), we get

e(k) = Ax(k − 1) +Bu(k)−A x̂(k − 1)−Bu(k)−K (z(k)− ẑ(k))

= Ae(k − 1)−K (HAx(k − 1) +HBu(k)−HA x̂(k − 1)−HBu(k))

= (I −KH)Ae(k − 1).

That is, e(k) → 0 as k → ∞ for all initial errors e(0) if and only if all eigenvalues of (I −KH)A have
magnitude less than 1.

• Theorem from Linear Systems Theory:

There exists such a K if and only if (HA,A) is detectable.

• Popov-Belevitch-Hautus (PBH) test for detectability:

The pair (C,A) is detectable if and only if the matrix

[

A− λI

C

]

is full column rank for all |λ| ≥ 1.

→ You can view this as a definition of detectability.

• The main idea behind detectability:

Assume that there exists a λ with |λ| ≥ 1 such that

[

A− λI

C

]

is not full column rank. Then there

exists a vector v, v 6= 0, such that

(A− λI)v = 0, Cv = 0 ⇔ Av = λv, Cv = 0.

That is, the vector v is a natural mode of the system that does not decay and that is not seen in
the output of the system.

• We can also show: (HA,A) is detectable if and only if (H,A) is detectable. (HMWK)

Summary

If (H,A) is a detectable pair, we can construct a matrix K such that (I −KH)A is “stable.”

• You can use the place() command in Matlab. (HMWK)

• Connection to the Kalman filter: The Kalman filter gives the optimal K given noise statistics of
v(k) and w(k).

11.3 Static feedback control

Assume we have perfect state information,

x(k) = Ax(k − 1) +Bu(k),

and we use a linear, static feedback law:

u(k) = Fx(k − 1).
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One way to construct such an F is by Dynamic Programming and the resulting linear quadratic regulator
(LQR).

We then have x(k) = (A+BF )x(k− 1). The system is stable if and only if all eigenvalues of (A+BF )
have magnitude less than 1.

• Aside: We can always find such an F if and only if (A,B) is stabilizable.

• What happens if we use x̂(k) instead of x(k) for feedback? Will the system still be stable?

11.4 Separation principle

We consider a deterministic model (no noise),

x(k) = Ax(k − 1) +Bu(k)

z(k) = Hx(k)

with observer and controller given by

x̂(k) = Ax̂(k − 1) +Bu(k) +K (z(k)− ẑ(k))

ẑ(k) = H (Ax̂(k − 1) +Bu(k)) ,

u(k) = F x̂(k − 1).

Assume (I −KH)A and (A+BF ) are stable. Question: is the overall system stable?

• As before, let e(k) = x(k) − x̂(k). Our previous analysis did not make any assumptions on u(k),
so it is certainly true for the case u(k) = F x̂(k − 1). Consequently,

e(k) = (I −KH)Ae(k − 1)

with

x(k) = Ax(k − 1) +BFx̂(k − 1)

= Ax(k − 1) +BF (x̂(k − 1) + x(k − 1)− x(k − 1))

= (A+BF )x(k − 1)−BFe(k − 1)

yields

[

x(k)
e(k)

]

=

[

A+BF −BF

0 (I −KH)A

]

=

[

x(k − 1)
e(k − 1)

]

.

The overall system is stable.

• Including noise in the analysis does not affect stability, there will simply be v(k) and w(k) terms
driving the system. (HMWK)

• Under some mild assumptions, the above analysis generalizes to the time varying case.

• In general, the separation principle does not hold for nonlinear systems. (HMWK)

11.5 Separation theorem

It turns out that we can say something even stronger. Consider the case with noise,

x(k) = Ax(k − 1) +Bu(k) + v(k)

z(k) = Hx(k) + w(k),

where v(k) ∼ N (0, Q) and w(k) ∼ N (0, R).
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The control objective is

min
u

lim
N→∞

E

[

1

N

N−1
∑

k=0

(

x(k)T Q̄x(k) + u(k + 1)T R̄u(k + 1)
)

]

,

where u(k) can only depend on z(1 : k − 1).

Then the optimal strategy is:

1. Design a steady-state Kalman filter, which does not depend on Q̄ and R̄. The filter provides an
estimate x̂(k) of x(k).

2. Design an optimal feedback strategy u(k) = Fx(k − 1) for the linear quadratic regulator (LQR)
problem:

x(k) = Ax(k − 1) +Bu(k)

J = lim
N→∞

1

N

N−1
∑

k=0

(

x(k)T Q̄x(k) + u(k + 1)T R̄u(k + 1)
)

,

which is deterministic and does not depend on the noise statistics Q and R.

3. Put both together.

This is called linear quadratic Gaussian (LQG) control.
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