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Introduction to estimation

Notes:

e Notation: Unless otherwise noted, z, y, and z denote random variables, f,(z) (or the short
hand f(x)) denotes the probability density function of =, and f,,(z[y) (or f(z|y)) denotes
the conditional probability density function of x conditioned on y. The expected value is
denoted by E[], the variance is denoted by Var(-) and Pr(Z) denotes the probability that
the event Z occurs. A normally distributed random variable  with mean p and variance
02 is denoted by z ~ N(u,0?).

e Please report any error that you may find to the teaching assistants (strimpe@ethz.ch or
aschoellig@ethz.ch).



Problem Set

Problem 1
Find the maximum likelihood (ML) estimate ;7 := argmax f(z|x) when
x
Z =2+ w;, 1=1,2,

where w; are assumed to be independent with w; ~ N(0, 02-2) and z;, w;,x € R.

Problem 2

Solve Problem 1 for independent w; uniformly distributed on [—1, 1].

Problem 3

Find the ML estimate 2,7, when
z=Hzr+w,

where £ € R" and z,w € R™, n < m. The matrix H has full rank.

The components of the vector w are assumed to be independent with w; ~ N (0,022),

1,...,m.

How does this relate to weighted least squares?

Problem 4

Find the maximum a posteriori (MAP) estimate Zpsap := argmax f(z|z)f(z) when
x
z=x+w, T, z,wE€R,

where z is exponentially distributed,

Xe M x>0,

f(:v;)\)Z{ 0, v <0,

with A =1 and w ~ N(0, 1).

Problem 5
Prove that

0 Tr(ABAT)
0A

for A, B € R?*2 where Tr(-) denotes the trace of a matrix.

=2AB if B= BT,

Problem 6
Prove that

9 Tr(AB)
9A

for A, B € R?*2,

=BT

7 =



Problem 7

Apply the recursive least squares algorithm when
z2(k) =z +w(k), kE=1,2,...,
where
E[z] =0, Var(z) =1, and Elw(k)] =0, Var(w(k))=1. (1)

The random variables {z,w(1),w(2),...} are assumed to be independent and z(k),w(k),x € R.

a) Solve for K (k) and P(k).

b)  Simulate the algorithm for normally distributed continuous random variables w(k) and z
with the above properties (1). Choose k£ up to 10000.

c) Simulate the algorithm for x and w(k) being discrete random variables that take the value
1 and —1 with equal probability. Note that x and w(k) satisfy (1). Choose k up to 10000.

d) For the distribution in part c¢), what is the optimal minimum mean-squared error (MMSE)
estimate?
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% Problem Set3 - Problem 7

%

% *Recursive Least Squares*

%

% Recursive Filtering and Estimation
% Spring 2010

%

0 ——

% ETH Zurich

% Institute for Dynamic Systems and Control

% Angela Schollig

% aschoellig@ethz.ch

%

% —-

% Revision history

% [01.04.10, AS] first version
%

clear

% Use 0 for normally distributed, CRV, 1 for DRV equally likely at +-1

DISTRIBUTION_TYPE = O;

% Set the state of the normally distributed random number generator.

randn(“state”,0);

% Number of time samples. 100, 1000, or 10000

N = le4;
XEstLin = zeros(N+1,1);
XEstNL = zeros(N+1,1);

% Generate the true value of x
if DISTRIBUTION_TYPE ==
XActual = randn;
else
xActual = sign(randn);
end

% Simulation

XEstLin(1) = O;
XEstNL(1) = O;
for k = 1:N

if DISTRIBUTION_TYPE == 0
w = randn;

else
w = sign(randn);

end

% Generate simulated measurement
z = xActual + w;

% The optimal linear estimator
K = 1/(1+k);
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xEstLin(k+1l) = xEstLin(k) + K*(z - xEstLin(k));

% The nonlinear estimator, which only makes sense for discrete random

% variables. Case 1: we have already determined what X is

it (abs(xEstNL(k)) > 0.5)
XEstNL(k+1) = XEstNL(K);

else
% Otherwise, we have to look at the measurement. If z = 0, then it
% is equally likely that x = 1 or -1. If z = 2, then x must be 1.
% If z = -2, then X must be -1
it (abs(2) < 1)

XEstNL(k+1) = 0;
elseif (z > 1)
XEstNL(k+1) = 1;
else
XEstNL(k+1) = -1;
end
end

end

% Plot the results

figure(1)
plot(O:N,xEstLin,"*",0:N,xEstNL,"0",0:N,xActual,"r.");
legend("Linear Estimate®, "Non-linear Estimate”,“"Actual®);

findfigs
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