
Introduction to
Recursive Filtering and Estimation

Spring 2010

Problem Set:
Probability review

Notes:

• Notation: Unless otherwise noted, x, y, and z denote random variables, fx(x) (or the short
hand f(x)) denotes the probability density function of x, and fx|y(x|y) (or f(x|y)) denotes
the conditional probability density function of x conditioned on y. The expected value is
denoted by E[·], the variance is denoted by Var(·) and Pr(Z) denotes the probability that
the event Z occurs.

• Please report any error that you may find to the teaching assistants (strimpe@ethz.ch or
aschoellig@ethz.ch).



Problem Set

Problem 1

Prove f(x|y) = f(x) ⇔ f(y|x) = f(y).

Problem 2

Prove f(x|y, z) = f(x|z) ⇔ f(x, y|z) = f(x|z)f(y|z).

Problem 3

Come up with an example where f(x, y|z) = f(x|z)f(y|z) but f(x, y) ̸= f(x)f(y) for continuous
random variables x, y, and z.

Problem 4

Come up with an example where f(x, y|z) = f(x|z)f(y|z) but f(x, y) ̸= f(x)f(y) for discrete
random variables x, y, and z.

Problem 5

Let x and y be binary random variables: x, y ∈ {0, 1}. Prove that fx,y(x, y) ≥ fx(x) + fy(y)− 1,
which is called Bonferroni’s inequality.

Problem 6

Prove E[ax+ b] = aE[x] + b, where a and b are constants.

Problem 7

Let x and y be scalar random variables. Prove that for any functions g(·) and h(·), E[g(x)h(y)] =
E[g(x)] E[h(y)] if x and y are independent.

Problem 8

From above, it follows that if x and y are independent, then E[xy] = E[x] E[y]. Is the converse
true, that is, if E[xy] = E[x] E[y], does it imply that x and y are independent? If yes, prove it.
If no, find a counter-example.

Problem 9

Let x ∈ X be a scalar valued continuous random variable and g(x) a continuously differentiable,
strictly monotonically increasing function. Prove the law of the unconscious statistician, that is,
show that the expected value of y = g(x) is given by

E[y] =

∫
x∈X

g(x)fx(x) dx.
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Problem 10

Let y be a scalar continuous random variable with probability density function fy(y), and g
be a function transforming y to a new variable x by x = g(y). Prove the change of variables
formula, i.e. the equation for the probability density function fx(x), under the assumption that

g is continuously differentiable with dg(y)
dy < 0 ∀y.

Problem 11

Let x ∈ X and y ∈ Y be independent, scalar valued discrete random variables. Let z = x + y.
Prove that

fz(z) =
∑
y∈Y

fx(z − y)fy(y) =
∑
x∈X

fx(x)fy(z − x),

thus the probability density function is the convolution of the individual probability density
functions.

Problem 12

Let x be a scalar continuous random variable that takes on only non-negative values. Prove that,
for a > 0,

Pr(x ≥ a) ≤ E[x]

a
,

which is called Markov’s inequality.

Problem 13

Let x be a scalar continuous random variable. Let x̄ = E[x], σ2 = Var(x). Prove that for any
k > 0,

Pr (|x− x̄| ≥ k) ≤ σ2

k2
,

which is called Chebyshev’s inequality.

Problem 14

Let x1, x2, . . . , xn be independent random variables, each having a uniform distribution over
[0, 1]. Let m = max{x1, x2, . . . , xn}. Show that the cumulative distribution function of m, Fm(·),
is given by

Fm(m) = mn, 0 ≤ m ≤ 1.

What is the probability density function of m?

Problem 15

Prove that E[x2] ≥ (E[x])2. When do we have equality?
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Problem 16

Suppose that x and y are independent scalar continuous random variables. Show that

Pr(x ≤ y) =

∞∫
−∞

Fx(y)fy(y) dy.

Problem 17

Use Chebyshev’s inequality to prove the weak law of large numbers. Namely, if x1, x2, . . . are
independent and identically distributed with mean µ and variance σ2 then, for any ε > 0,

Pr

(∣∣∣∣x1 + x2 + · · ·+ xn
n

− µ

∣∣∣∣ > ε

)
→ 0 as n → ∞.

Problem 18

Suppose that x is a random variable with mean 10 and variance 15. What can we say about
Pr(5 < x < 15)?

Problem 19

Let x and y be independent random variables with means µx and µy and variances σ2
x and σ2

y .
Show that

Var(xy) = σ2
xσ

2
y + µ2

yσ
2
x + µ2

xσ
2
y .

Problem 20

a) Use the method presented in class to obtain samples x of the exponential distribution

f̂x(x) =

{
λe−λx x ≥ 0

0 x < 0

from given samples u of a uniform distribution.

b) Exponential random variables are used to model failures of components that do not wear,
for example solid state electronics. This is based on their property

Pr(x > s+ t|x > t) = Pr(x > s) ∀s, t ≥ 0.

A random variable with this property is said to be memoryless. Prove that a random
variable with an exponential distribution satisfies this property.
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