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Abstract— Supplementary material detailing application of
presented methodology Flatness Approach to Predictive Path-
Following (FAPP) - submitted by M.Greeff and A.P. Schoellig
to ICRA2018 - to a quadrotor.

I. INTRODUCTION

This supplementary material details why and how a pre-
sented methodology Flatness Approach to Predictive Path-
Following (FAPP) can be applied to a quadrotor. We briefly
describe the physical derivation of the nonlinear quadrotor
model. We then show that this nonlinear model is indeed
differentially flat and as such we can apply feedforward
linearization. We similarly show the associated path-attached
virtual quadrotor model.

II. NONLINEAR MODEL

We can derive the standard quadrotor model, X = f(x,u),
[1], [2] using newtonian mechanics by consider the rigid-
body dynamics of a quadrotor. We make the following
assumptions in the derivation:

o Aerodynamic effects, including drag, are ignored.

o The center of mass of the quadrotor is aligned with the
origin of the body axis.

o The quadrotor has a symmetric structure.

o Gyroscopic forces are negligeable.

We define geometric variables in Fig. 1. The origin of the
body frame, F'p, is placed at the centre of mass of the
quadrotor. The body frame is aligned such that X5 and Yp
are the physical axes of the quadrotor and Zp is normal
to the hover plane. The linear position of the origin of the
body frame with respect to the inertial frame, F7 is defined
as & = (x,y, z). We define the orientation of the body frame
with respect to the inertial frame, R = Z,, Yy X4 where the
euler angles 7 = (¢, 0, ¢) are the roll, pitch and yaw angles
respectively.

Positional Dynamics: We define the thrust in the body
frame: T? := (0,0, T). Considering then that T/ = RT?,
where T is the thrust in the inertial frame, newton’s second
law gives:

mé = mG + RET?, (1)
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Fig. 1. Quadrotor Frames for Position and Rotational Dynamics

where G = [0,0,9 = 9.8] m/s? is the gravity vector,
é. is the translational acceleration and m is the mass of the
quadrotor.
Rotational Dynamics: We define the angular velocities in
the body frame as v = (p, ¢,7). Then v = J,;) where J,, is
the angular velocity Jacobian matrix:

1 0 —Sp
J, =10 Cs CpSy
0 =S4 CpCy

Given that the body frame is aligned with the physical axes
of the rotor, we assume the inertial matrix I (with respect to
the body frame, F'p) is diagonal:

I, 0 0
I=[0 I, 0
0 0 I,

We define the torques about the respective body frame axes
as 78 = (Tg,To, Ty). Again, considering balancing torques
in the body frame, from newton’s second law we have the
angular dynamics:
Iv =75 —vx () (2)

where v x (Iv) are the centripetal forces.

Defining the state x = (z,y, 2, £, 9, 2, R, p, ¢, r) and input
u = (uy, ug, us, us) = (T, 7y, 79, Ty), using (1) and (2), we
can write the quadrotor dynamics in the form x = f(x,u)
where:
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We also include a model of the dynamics of an

inner loop controller which takes inputs Ucng =

(Zemd, Pemds Oemd, Temd)s Where Zep,q is a commanded ve-

locity in z, ¢¢mq and O.p,q are commanded roll and pitch

angles and r.,,q is a commanded yaw velocity in the body
frame, and outputs u:

. 1 . .
3= —(%cma — 2) (4a)
Tiz
g+ Za
up=m (4b)
! Ra3
wd = ¢ + TIyTemd (4¢)
Td = Temd (4d)
g = Ry 1(Ri134—Ri3) —Ri1(Ra3q— Rog) 4e)
¢ RB.,S *Trp
= R22(Ri34—Ri3) — Ria2(Ro34 — Roj3) 4
¢ R3,3 *Trp
R1737d = Swds¢wnd + C’I/Jdc¢c7nd Sewnd (4g)
R2.3,d = $44CoemaS0cma — CoaSdema (4h)
ug = P4 P (4i)
Tp
dd — 4 .
uz = ~— 4)
Tq
Uy = Tda — T (4k)
TT

where 77, 71y, Trp, Tr, Tp, T4 are identified inner loop control
parameters

I1I. FEEDFORWARD LINEARIZATION
A. Demonstration of Differential Flatness

Recall the formal definition of differential flatness.

Definition 1. A nonlinear system model (1) is differentially
flar if there exists {(t) € R™, whose components are
differentially independent, such that the following holds [3]:

¢ =Ax,u,1,...,u?) (5)

x =8¢, ...,¢ ) (6)

'so = sin(a) and ¢ = cos(a)

u=0"1¢/¢, ..., ¢ 7

where A, ® and ¥—! are smooth functions, ¢ and p are the
maximum orders of the derivatives of u and ¢ needed to
describe the system and ¢ = [(1,...,(n]T is called the flat
output.

The differential flatness of the quadrotor model (3) is
demonstrated in [1] for flat outputs { = (x,y, 2, ). We now
show that the quadrotor with inner loop control dynamics
does not change the differential flatness property of the
original nonlinear quadrotor model. In order to show this we
need to show conditions (5)-(7) for the combined quadrotor
and inner loop dynamic model. We consider the same flat
outputs ¢ = (z, vy, z, 1) which are differentially independent,
i.e., any output cannot be written in terms of the derivatives
of the other outputs:

Condition (5): Notice that given that the flat outputs ¢ are
comprised of some terms of state x, condition (5) is shown
by definition.

Condition (6): Similarly, condition (6) holds for the transla-
tional states, i.e., (z,y, 2) and (&, y, 2), of x by definition of
the flat outputs. We are then left to derive R and (p, ¢, r)in
terms of the flat state. We begin by writing R in terms of its
column vectors and considering the translational acceleration
(from (1)) in the standard quadrotor model:

Z (i
; 2 T
a=| 1§ |=| & |=—7 ®)
ity Gty

where we defined R = RS = [x§ yL zh] in terms of

column vectors. Using the fact that z} is a unit vector and
% is a scalar we have ZIB = ﬁ As in [1], we introduce

an intermediate frame C produced by rotation, RE =
x5 y& z&], of ¢ about the inertial z-axis and make
the observation that x& lies in the zh — xk plane. Given
that y5 iIs n(;rmal to the zj — x5 plane we can determine
v = HZIBiizICH and x5 = yL x zkL. Consequently, we have
B .
shown R to be a function of the flat outputs and some of
their derivatives.
We now show the same for (p, ¢, r) by differentiating (8):
Ty T, 4 I
A= —zp+ —(wp Xz 9
7B m( B X ZB), ©))
where wh = pxp + qyg + rzg. Plugging the defintion of
wk into (9) reduces:
T
A= —zh + (10
m

—(~pyp +axp),

From the third component in (8) we have % = l?;i which
after differentiation gives: 1

Z. _ ZRgs— (E+ 9)Rs.3 (11

2
m R&3




where from the standard quadrotor model R = R x [p, ¢, 7"
and therefore R33 = R3 19 — R32p. Plugging % and L
from (11) into (10) allows us to solve for p and g as [p, q]7

Il 3

M; -1 n; where:
R32Ri13—Ri12R33 Ri1R33-—R31R13
M R3 3 Rs 3
1 R32R23—R2 2R3 3 Rz 1R33—R31R2 3

Rs.3

'.’l"Rg‘g—.i.RL;;
ny = | Z+yg,,
1 YRs33—2Ra 3

Z+g

Rs3

Furthermore as in [?], considering the third component of
w}3 = wB —I—wC gives r = ¢R3 3. We have shown condition
(6) of differential flatness.
Condition (7): We demonstrate condition (7) by showing
U.mq as a function of the flat outputs ¢ and their derivatives.
First, we substitute u; in (4b) into (8) and observe that Z; =
Z. We substitute this result into (4a) which after rearranging
gives:
. R
Zemd = 2+ —Z
TIz

12)

which is a function then of the flat state z up to its second
derivative.

Next we find ¢.p,q and 6,4 by first taking the derivative
of (10) with respect to time:

T T T . T ;' &

a= —ZB+2 (Wh x253) + —Wh XWh X2k + —ak X 7§,
m

(13)

where oy = pxh +qu+rzB We notice that we can already

compute the terms 27 (wh x zk) and Twh X wh x zk in

terms of flat outputs and their derivatives. We also have that
0}3 X zIB = ﬁi)y% + q'xIB from the definition of a}g By
taking the derivative of (11) we can compute T', which after
1ncorporat1ng R5 1 = R1 149 — R1 2P and R3 9 = R2 19 —
R 2p, we can plug into our relation for & in (13) along with
the remaining known quantities to solve for p and ¢ in terms
of the flat outputs and their derivatives. Taking the derivative
of 1/.1R3,3 gives the relation for 7.

Now considering the rotational dynamics (2) in the stan-
dard quadrotor model and using our relations for p, ¢, and
P, ¢, we can determine us, us, u4 in terms of the flat outputs
and their derivatives. Plugging wo, us, uq into (4i)-(4k) we
can solve for pg, qq4, 74 in terms of the flat outputs and their
derivatives. From (4d) we have 1/}Cmd = rq. We use (4g) and
(4h) to find R 3 4 and Ry 3 4 which when using (4c) in (4¢)
and (4f) allows us to solve for 0.,,4 and ¢.,,q in terms of the
flat outputs and their derivatives. We have demonstrated that
conditions (5)-(7) hold and the standard quadrotor including
inner loop controller model is differentially flat.

B. Feedforward Linearization

From the demonstration of the differential flatness of the
quadrotor and inner loop dynamics, we can define flat state:

z = (z,&,%,%,y,9,0, U, 2 % % %,0,1)

and flat input

v =(z@W, yW ™ 4.

As explained in [], we can then equivalently rewrite the
nonlinear quadrotor model (3) as:

z=Az+ Bv (14)

v:\II(z,u,ﬁ,...,u(")), (15)

where (14) is the linear flat model and the inverse of
(15) is given by (7), which we can determine as shown in
the preceding section by demonstrating condition (7) for the
nonlinear quadrotor model.

We therefore consider (14) in the model predictive control
framework which outputs the next desired flat state z; and
input v4 which we then feed through the inverse (7) as:

Uema = Uz, va).

IV. PATH-FOLLOWING

We consider a path-attached virtual quadrotor, with an
associated path dynamic model the path-attached virtual
quadrotor state s(¢) € R, the path-attached virtual quadrotor
input w(t) € R and g a smooth function, attached to a
parametrized geometric path in the flat output space:

P = {Cref S Rm| Cref :p(e(t))a 0 S [90791]}-

Considering p = 4 (the maximum derivative of flat output
in derivation of condition (7)), the associated path dynamic
model is given by the linear path dynamic model for a virtual
quadrotor vehicle is given by s = Aps + Bpw [4] where:

(16)

Ap=

o O oo
(= el el
o o= O
o= OO

o o o

with s = (6, 6,6, 0).

V. PREDICTIVE CONTROL

We recall the aim of FAPP: Given a quadrotor that can be
represented by a differentially flat nonlinear model (3) and a
geometric path to be followed (16), design the flat input v ()
and path-attached virtual quadrotor input w(t) such that the
following is satisfied: At every time step k, solve the OCP:

(17)

min J(Z, ¥,8, W),
v, W
where we consider the sequence of predicted flat states Z,
flat inputs v, path states § and path inputs Ww. This OCP

is subject to the equivalent linear flat model in (14), the



linear path dynamic model in (which gives a corresponding
reference flat state, z,.. ¢, through path parameterization (14))
and linear constraints on the optimization variables (the flat
inputs and path inputs).

Straight Line Path Following: We consider the aim of
FAPP and optimization problem in equation (17). Then for
a straight line Bézier curves, the reference flat state (o =

p(0) =>27- 0( (1—6)77767P;, 6 € [0,1], where ¢ = 1:
xrefgz))
_ | Yrer o _
Cres rer(0)| T Po(1-0)+P1(0). (18
Prey(0)

Taking up to the third derivative of (18), we can determine
the reference flat state:

Zref = Ils + Ilg

where:
[Pz — Pox 0 0 0 T
0 Pio— P 0 0
0 0 Piz— Pox 0
0 0 0 Pio—Poa
Pl y PO,y 0 0 0
Py —Poy 0 0
- 0 Py — Poy 0
= 0 0 Py —Poy
Pl z PO,Z 0 0 0
0 P .— Py, 0 0
0 0 PP 0
0 0 0 P.-F,.
Py — Poy 0 0 0
L Pry = Poy 0 (U
"Po.T
0
0
0
Po.y
0
o= | |
PO,Z
0
0
0
Po’w
L 0 ]
where Pg = (P()’z, Po’y, P())z7 PO,psi) and P]_ =

(P15, P1y, P12, P1 psi) are the control points for a straight
line Bézier curve and we vary the path parameter 6 (based
on distance along the path) between 0 and 1.

We then discretize the linear flat model (14) and linear
path model:

Ziy1 = Agzi + Bgvy.

Sk+1 = ApdSk + dewk.

Given a current measured flat state, zy, and a current path
state, sg, we write lifted forms, for /N prediction steps, of
our discretized models:

Z1 Aq Ba O 0...0 Vi
Zo A?i AqBaB4g 0...0 Vo
.= .| Zo+ | . . . .
. : - - )
ZN AY AN 'Bq...A4B4B4]| Lvn
S~ N — S~
Z A B v
§ = Apso + Bpw. (20)

A potential form of the cost function J in (17) is:

N
3= 5 (o (Ts + 1)) Qs — (s + TH))

i=1
N
E Zcmd

i=1

+ (Z - zcmd)

[\J\)—‘

N

—|—% ; viTRvi + % ; w,»TRpwi

where the first term weights the positional error between the
quadrotor and the path-attached virtual quadrotor, the second
term more the quadrotor forward by weighting the velocity
error between the quadrotor velocity and a desired velocity.
The final two terms are regularization terms on the snaps
(flat inputs) of the quadrotor and virtual quadrotor.

We then define the expanded forms of our weight ma-
trices: Q € RNPXN? where Q = diag(Q) and sim-

ilarly for S, R and R,. Further, we define: T =
dla’g( )7 HO = [H07 ]-_-[Oa ce HO]T and Zcm(i =
[Zemd, 1) Zemd, 2, - - - ,zcmd_’N]T. We rewrite (17) using (19)

and (20) and these expanded matrices. Expanding we obtain
the quadratic cost:

J(¥) = -vTHV + T
where v = [0 WwT]" with
no [BBLBISELR BTOMB,)
~-BII"QB BI(II7QINB, + R,

with fl =
(zoTAT — zomd” )SB and f2 =
soTAgnTQHBp + I} QIIB,,.

VI. CONSTRAINTS

We generally considered two sets of constraints on the
quadrotor: the first is a constraint on the body rates and the
second is a constraint on the total thrust. In this supple-
mentary material, we focus on the second constraint on the
maximum thrust [2] which is given as:



P+t +(E+9)° < fhae

where f,,q. 1S the maximum total thrust 7" that the quadrotor
can produce. The discretized version of the constraint can
be put in lifted form resulting in an inequality that is
quadratic in z. We do this by first defining G € R3N
where Gar=9g k =1,...,N and M e R3NX14N where
Magi1,1a643 =1, Magioanyr =1, M3z 1ap411 =
1 k=0,...,N — 1. Further after writing F € R3" where
Fr, = f2,. k=1,...,N, we can rewrite our maximum
thrust constraint as:

Plugging in our expanded discretize model for Z, we make
the assumption that the quadratic coefficient BTMTMB is
relatively small. We justify this because this term contains
squares of relatively small values in B, obtained through
discretization of the linear flat model (14).

We, therefore, reduce the maximum thrust constraint to a
linear constraint on the optimization variables V:

Acon{’ S BCOII

where

Acon = 2207 ATMTMB + 2GTMB

and

Bcon =F - GTG - QGTMAZO - ZOTATMTMAZO.
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