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Notes:

e Notation: A scalar valued normally distributed random variable z with mean p and
variance o2 is denoted by x ~ N(u,02); a vector valued normally distributed random
variable x with mean p and covariance matrix ¥ is denoted by = ~ N (u, X).

e Please report any error that you may find to the teaching assistants (strimpe@ethz.ch or
aschoellig@ethz.ch).



Problem Set

Problem 1

In class it was shown that for two scalar independent random variables  ~ N (uz,02), y ~
N1y, O‘Z), and z :== x + y,

1 /1
fa(x) fy(z —x) ox exp [— 3 (

=:£(z,z)

where o« means proportional. Show that £(z, z) can be written as follows:
&(z,2) =alz— (b+ cz))2 +d(z —e)? + f,

with real coefficients a, b, c,d, e, f and, in particular, a > 0, d > 0.

Problem 2

Using the notation and the result of Problem 1, it was shown in class that

f2(z) x /OO exp ( - %(aj —(b+ cz))2> exp ( - C%Z(z — e)2> dx. (1)

— 00

Prove that (1) implies

fo() cexp (— 5~ e)?).

Problem 3

For © ~ N(pz,0%), y ~ N(py,0,), and z = x + y, it was shown in class (using the results of

Problem 1 and 2) that z is a Gaussian random variable, i.e. z ~ N(ui,, 02). Compute p, and o,

from p, iy, 0z, and oy.

Problem 4

For the linear discrete-time system

a(k) = A(k)z(k—1) + B(k)u(k) + v(k)
z(k) = H(k)z (k) + w(k),

with v(k) ~ N(0,Q(k)) and w(k) ~ N (0, R(k)) and {x(0),v(1),...,v(k),w(1),...,w(k)} inde-
pendent, derive the equations of the prediction step (S1) of the Kalman filter,

i(klk—1) = A(k)#(k—1k—1) + B(k)u(k)
P(klk—1) = A(k)P(k—1|k—1)AT (k) + Q(k),

where the notation used was introduced in class.



Problem 5

a) (optional) Prove the matriz inversion lemma: If A, D, and D~'+CA~! B are nonsingular,
then A + BDC' is nonsingular and

(A+BDC) ' =A"' —A7'B(D' +CcA™'B)'cA™h

b)  Using the matrix inversion lemma, prove the alternate form of the Kalman filter measure-
ment update equations (S2) that have been introduced in class:

K(k) = P(klk—1) HT(k) (H (k) P(k|k—1)H"(k) + R(k)) "

2 (k|k) = i(k:|k 1) + K(k) ( (k) — H(k)2(k|k—1))
P(k|k) = ( )) P(k|k—1) (I—K(kz)H(kz))T—i—K(kz) R(k) KT(k)
Problem 6

Show that the covariance matrix Py, = limy_, P(k|k—1) of the steady state Kalman filter
satisfies the discrete algebraic Riccati equation (DARE)

Py = AP AT — AP HT (HPHT + R) ' HPL AT + Q.

Problem 7

A radioactive particle mass has a half-life of 7 seconds. At each time step the number of emitted
particles z is half of what it was one time step ago, but there is some error v(k) (zero-mean
with variance @) in the number of emitted particles due to background radiation. At each time
step, the number of emitted particles is counted. The instrument used to count the number of
emitted particles has a random error at time k& of w(k), which is zero-mean with a variance R.
Assume that v(k) and w(k) are uncorrelated.

a)  Write the linear system equations for this system.
b) Design a Kalman filter to estimate the number of emitted particles at each time step.

c) What is the steady-state Kalman gain K when @@ = R? What is the steady-state Kalman
gain when () = 2R? Give an intuitive explanation for why the steady-state gain changes
the way it does when the ratio of () to R changes.

Problem 8

Suppose that you have a fish tank with x, piranhas and x4, guppies. Once per week, you put
guppy food into the tank (which the piranhas do not eat). Each week the piranhas eat some of the
guppies. The birth rate of the piranhas is proportional to the guppy population, and the death
rate of the piranhas is proportional to their own population (due to overcrowding). Therefore
p(k+1) = (k) +kixg(k) — koxp (k) +vp(k), where k1 and ko are proportionality constants and
vp(k) is white noise with a variance of one that accounts for mismodeling. The birth rate of the
guppies is proportional to the food supply u, and the death rate of the guppies is proportional
to the piranha population. Therefore, x4(k + 1) = x4(k) + u(k) — kzxp(k) + vg(k), where k3
is a proportionality constant and v4(k) is white noise with a variance of one that accounts for
mismodeling. The step size for this model is one week. Every week, you count the piranhas and
guppies. You can count the piranhas accurately because they are so large, but your guppy count
has zero-mean noise with a variance of one. Assume that k1 = 1 and ko = k3 = 1/2.



Generate a linear state-space model for this system.

Suppose that at the initial time you have a perfect count for x, and z,. Using a Kalman
filter to estimate the guppy population, what is the variance of your guppy population
estimate after one week? What is the variance after two weeks?

What is the ratio of the expected piranha population to the expected guppy population
when they reach steady state?



I A A A O R - (370

- . ..... - .

Calx -[gecelf v dlz-e) v 2 | EEN
= e UxP-Zbx -2exz «bt s 2bce wefet) 2 d(2T-Rer +e?) b g
@ = oxT s CoctadYar -zpexz -2abx +|(Zabc ~2de)E « bt sdetr g

[ Fouetud | leodfbawds T T
EERCER, X% AN RSN TV AP S
B R [ G e
el g T |l [ wem) |
A= g g a1 T [ (egel ] 2T
T L e T LT T LT T ERFENEENEEE
O e A O 3 = 5‘?:1(37“%&)):7 ﬁf‘(f’_ (‘*‘_“té‘f‘r»
= b \—-—-;?,1—-
[ T I O S

E» ldL+O | EEENEEENERRET-2N

-] -




[ Ayp(—-— (*x f&act) )Lk\o("‘ (T: C—) )

- em

| S ~’.\<PC L(‘K (B*Ci‘\) ) aC\P (‘%(E‘C\Jz> -

—
—

+ SGowo 4ol (€ does sw(ou[waol w2
Jwgs%kﬂhw [ [ 4= (%[~ Ub¥e) | =» |

RN AT

< 4 XS - =5 g tes |

' _'>.,< v [ BY (X Hiea

SACER2) M I PRESE APT I EEE S8 L AN

EEEEER ST I s 2 F[w-ﬁ,‘;t\, M)( - _‘r:'[f\;-)u,) 1
--------- = ‘I&z* '5*;'1 L C_l ])&Q(E {]/47)
A _:'fsi,'wa#mmqo(“,

1 SIS i )
T ] !




M 5 5 1 ) O | 304 (0

E 1 Alk) (- ||1¢-1) + 13 uf‘z\-ﬂ-\/(k)]

' ﬁf= Fma E [l e~ :)1 + Eck) f[uw)g_w Elule))

NEN j_ | f:ﬁ ﬁHCH k(k wllc l) ﬁﬂwc)-uu:i
HER T’Efelh #) = ﬁfj_[ (xum: r)— % lelle- n) [k(uw) R el le: ;))T]
EENENE ﬁ ﬁ ﬁ ﬁ = E[(W)(xma =Hc!)-xffcilit »)) +mc)) ]
I T T I A OO S f?c&\(yﬁuuc :)-x(fzr le-1)) -*u(k))TI

\

¥ E [ veyvitey] T =
(mgs s | }uo 'q,u_;c,; s CET D aodol Je Y T

o 'r?m-f[(xm ie- :)-m.« |L-1j))j__(jx(!f~flh-:)'-;/f_e-f_u;-.')ﬂjn"‘?&)

1l

' '_ EIAR P(k |[|4 :) n’”( '_+ Qll)

. 'CM'&&PUWA 5:7 s:o&..rwR
_‘ ‘R—n—t e‘stwmd ;,u,ou\“nx ﬁsu&h\}'ﬂ '

ff-i-mm

L] ﬁ_ﬁ '_' | _FJ_X. SR ELT T[4
14X U] _'EO' A )

T We ta wudbe (7Y 1 DY =X & Y= DEX [riwa D wwh>u5
' PLL}‘SFE;LA—FJ wr b (Dt ol g (') 4 BDC'}){ =T ok ;
T T X A BDAY T m T




12.0%. L0
T&.Laf-!-md@cu_’ Wd’ L u_x.cx.«.’ catue | () 'QAD—‘X.
EENEEENSEVELSS IRRRRIET ;) wwmm_
ek sulSebdude UL Y T ] '
T T CiF T8N D = 1 DY

T I & [ CFT EERTRY =077
T T e e —(D-'+C? BYY
T T ey TIor +cnrs) cR” ="~/

lf.ﬂﬂ.SquHJ*-L g #lu"s wt#o (A) | et ot osnolual  gguahou
[T TTTT Reds | X7, L] ' L] ||
77X +B_’(_'D’WC’?"'I'})"CF?" v [T
EEAE H-"'ﬁ-'-/‘—7 /3{'“+(;'7‘ By Cf?" EEEEENEEL NN

| ﬁ. | f-_'urummé rI‘) ol (4 1 M resudd gocum_s;ﬁ |
(mwwcﬁ Q_'_'"?? 'E(D +CHT m aHT
/(/0(& Wiat !i F0, T UT+FcAI R ok WMJAJ.(&J H,uuag

M eRDE | .www&.«tw_, SUAL A oo | oo

I R I I e o o O Y O L
""" o= ) WA I A 8 e MR vuIET A 5 (Lo N SN |

L1 ~BD][mGoc O'H‘Ijj_oji |
T Jie Tl TSI [T LT olal |8 V1]

@ o Reoefore
RN 'ouum owch-' crr'm dL%(G’TEDC)dJ_f(D")

R Pl g P P11,

To %MP(AH wokechiow d_ro? C.,L( k. &JSMM.MJS ool c.t.t_{a.u«.a. 1] _

N I e S PR T T[T S T e 1 2 N e
Sewne, iV Quffiol ko thew  fead  R=FHRT T

L PHRECR e T RTHY T AR fsl, ou(wﬁwd
| T F = {(P=IPAT(R +HPHT)"}- PYHTIT | 105 weotax widumos, LU.W.J
T e PHT (I - (REHPHT) HPHTIRY T 1] N

O ™ vHT(mHPHT)“‘ (R+HPH"-HPH") [



Sm amm N _  :_ /eﬁwhm)

| Pl ke-2) 3 [7k) P(.’df”éF) Hsz H @A) | [ [T 1] L faN [ [

P(kik) = | ( P"‘ffd!cf) 4 HT/:’cJR (le) H{le) )_4_' ﬁ _' EREEEREENENE
e fshk E T mc_)-_ IR ER, Q)R

| | Pl 5 [l ] "?(,em:) ' ' ' '

e B | + + + 4 4 + ’( m + | S ——t + | SN (N I (N S 0N /SN SN N (j— I S U AL I S N S SN S S S T S ) S T S

IEREN ﬁ_ﬁ~~'ww{ (ZH wlcf*) eonke RN

INEENEEEE.” H(P+H*R"/—U.pr_—7._+_@::;_:;_‘:_f'_::_""

N ”T“f‘(‘?' Mc«f‘n\' Twgorbw Lavas -@rew rUSO.-w Sc.)

..Z"'"_'_mer Q(Pm- w(rzu—rﬁww) an)HT' Q -

e T 'Fﬂ_’_- APl HT (R u-ra,om HE AT #@ L T

I I B I I ¢.¢.0f

ERENERREN __ | ; ' =5~

'_'I"-KHP__.'

Eam | (1S5 o o TRY 1

KE #?*uahaus INEREEEEEREEE

13.0%. (0

(I-\&H}P ] ]
SKHYP = (T-UHIPHTRT + (T-lentYPHT (T

'(uuw)" (T- Wt & ((PHT =wewPar YRT
AT-RHYP (T e+ (PHT= ;<mm~:f+rc§+1<rz) le“ T
(T kH\P(I \e.m" W (PRT 3 PHT G ORI [ 1]

,fI fcr+‘JP(L IcH\?_J_ _ML\&_‘_ 1

(o webny who] Qe )




=

1
|
-

4$@3l?

fes (v U)
| T

o]
T

L

B

]
Ak)) = 1T

W
|

Ve
|

o
i

——t— T._. e fr—-
-1 m — o S — +—
| |
! 1A Vi - + W
N l .
" _ _
- |- _
| . _
b _I~_|._\I_. i |L.I 4
| | i
_ |
|
=

= )il

TPeEt et YR

I ”i t

« 2

()]

Pl 1)L

v

! 3&' ;

ok o

|
|
?-7 i

%

P

S

. L i Rt R
2 B L l_
L] BB I G T 1y o
S et ) 2= B | - L _ =} = = b
ILy ?
HEEEEEEE . | S a - { -
[PEEEERR A T T RRTTT T
_ 4 b ._|_|.« L|F. I_I_ ‘| |4__|. gr— _ Ia 3 Ill_lw — H.a
D T |._ }— - i . - G \1..I|-..r| ]ﬂr _ ._ U e : —4 S = “ -
+ —— - E : N R S Mt i 4 I
5 N S S I [ N | ‘.rml T.IW I_h_,wl |.”.m.| ] - - ”.:
le|r — I_—| I.NI.._,TMJ_ H. ﬂ‘ ) |Vuﬂ |- -1 . ] =
| ~ =l : v —
o \..x_. _ v n.l_ = 1 I—.mw N = ......l.lloh&fl. .w. L ]
] RS i B S o 1o Y KT 1= g
—d L}, Mol =N L L — “.m” Y ey G i D B i P ¥ — =
B | ._|r\|..|ﬁ.|._ll |V fkﬁ,_ T _.,_u ..m- " — P.| mw | M | a....
0 R ) A S O st B e I o O I_JMI g 5y
[ Llw ] “|I|.1|_....___ xx W\ = “” ol 41 < v LIl B
71 | L1 19 | - " ! — > M = | 3 ‘c 1 Il
| T <N N b — et
L ErEET AR Ll LIS 32 g N
e e 3 T S e N L e _
EEEE i~ ann SIHELEENEN X . q-
EEEEEEE N AL RS 5 S i 5
1] _ . £ — BEREDED - A 13 [J g
N S i Sl _1o o [ (Y
T b —Br T O———1F13 !
- e ~ = S % 3 mf .
_ﬁ = /AT 4 i X > | X 2= X P 3 s g
30| X O BRI
- . [ | o b2
| -

ST EEEAEEEE RN
EEREEENEND | ! 1]
T -

1 H ii.l 1] L
.._|~.|r : | ﬂ | i}




S| T_* | | L B Lk | T T il 1 | NN bl
T ! =1 i i — | L _ 1 i SR —_ A Nl ) _— _ |_I — f
s T T +
,Lwifif [ [ ] B u S(HE RN EEEERNEEEER EREN AREE 1 [
P 1] _ _ & S e =
1T _, —f e = 1 =t
I4_| ; f=ke _|_I-| S Y Y Q . Ll o
J._ — ﬂ ! V e 1l +— _ M = L1 - = H f— e g —3 S (.
T e I R E =T
- ..|I_. S P M _I — | ﬁh J..‘ . m - —y “ — m—
| _lil. ) U = ] S ! B =l - = _ -
I ﬁ ||.ﬁlTu +||l e " Y G ey T R . |
-“|7| .(ll._ B N1 " (R SO A T [ d 1 leql |3 - B O v g - - = .
| *.M* | % 4 3 3 ~
o IIEE | Y ) - 5 Y - B s e o . O O S L —
I -.@_ _ - I L s 3 > 1 le .
__ L1 = [l TI - - W = _\..m.l - ! = 2 S
S s S S R D A O O (O O O | gl — = X ¥ >~ = (5 L
INNEEEN im_ n L T s i PEPEENE B ~ HEEEEEN
A’nl _ I.._ LH{J...-I_. )\ FL L) N W (N —. _ Lt —| Ml | .....“-._ ..f“ - 1 . 1 = "y = .
Lo LR [ I L[] =N I x| | u = Al L
- i i 1 ) = -
| s L TP U T N EEREEE J \ mEE) S Ty
| S w“ (1] \l_IJ o J L — gy
J 1_ ! 3= ___..|ﬂw = >l A R N Y L lm.u ¢ n__.ll - = — -
- tae—— 3y R 7 I O . - — e — S !.W._ i A
r I_|' A‘II_..MN. __ 4 I_| I T H S ) m\l =r L _ﬂl_ - L ._F_r- —
U €T (0 5 e 0 B et RN 4 o CiE| =] B R
A NS W LA EENEE N _ £ S TR :
L..LI” M.:lu....-“\nl __ ' i B M?—u. m B /m ! i 4 2 nﬂ Lo ) |
INERESN YT 1= e s T ” I o |
_ & 1 1 - A e = . - 2 v I ——t—=t
Io....I_ ﬁ—.& iy - K = -.— ) - B - I | ST ) e T - V QN —
A4 _+,T B | I (N ) w H 4 | | ) o © 3 9. 5]
BN Jﬁ N O A I I > w. > 1 = 2 o N o .
BEELARSEENERERTT YRR B o HREEE e [ | D1 [ %= o S %]
R - s o O O o 3 B M= -~ ol | T —
| T. " BPiL i i R ML RN S % S ~ 2 N 7
| _ | ~ _ﬂw 5 \ - O . - Im-ll 1 |_|_||wl 1 i 5 A ol B ]
SHNEEC I ENEERnNOENENT S TE
_ ™ _ X - ) ) L « e
= L RN 2y < | | b B |JM wh.i | i m ~ 1 m m W
L] T e = NN P IX N TR
|.IM [ |..q-- B —_Ihh BN \—-o - w nhdll._lm M. A | ™ - by -3 =1 10
| TS BENERE N 30 . B
(. - N Nl (A (O Y N - o s B
B (I [ : HEERGIE N i _ N
A 1__4.-__| 3 RN | I L il Lt
+ — 4 — ulﬁ __ (- — L _— — = = — e —
= i DL : IHEENENEE o . = - . |
_i.\l I.I.... Hrl\ _ﬂ\ |T = | — . | - . K58 ] |- I - - - et
! i-h__,__@l_ . |lf|-l|’ e HEEREN Bl
I T EENNN RN




b) - wuhekize bow o KF 1 P(OIO) = O

| Darounen ol ouk week o PrAl4) =7 X )
uw.ﬁ-é . 1F eSUO'Jw-Sﬂ-'_\,

S4. | Pl1o)= ARPoiOA +Q= @:=T
$2: YD RERNBEEY S

Al B (I
h 1 o zj o 4’2J
Plala)= (T -k(1) ) PMto\CI-lmd_T'_)T*r L4y - R et

o @ 1Tla 67 o o) f-.oz (0 617
= 4 =
[o 1[0 ZI3 O ;_1_ o ! [o _(

Z ~l

via

- H»-( VO Gt af | Hoe %}_’mﬂ,l_? I—-‘,QYW(J\”\&L-' [ 'g | Q_{:{—U 1 u)'t.!} ,

- Voncuiel | ofbo o Lyt P2lz) 77 _
T T T ey T4j[e el ekl 0.5
S<: 1 PrarOEr T 1] E1F
05 (1)1 0 J a |l
[0 1]’@? O3 1 1 [ [ 1]I4l5] | 65
- T =

—F T~ |
[WIE N
| i e
A (% |
[« -

| [ . I
| NN L]
Séﬁ_ ¢ 2]) = ;_ [ _J
| 11158

Tein)

L1]

¢) = ISkodly- Iskle |\ TE [xlbrD]F | £ IxlE)] =4 x| 1 [ T T1

=> %= ElxCer)] = A E[xl)] + Reale) = FX+Bu

0 2o 5 o 61 AR
TREIET [ J[ [N =[ ]w ______
| 65 O] L4l 1 ]




