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Problem 1 20%

The following graph describes a flexible production line. The raw product A has to through
three stages to become the final product J. The cost for going from one node to another is
stated next to the corresponding edge.

Calculate the optimal cost-to-go for each node and state the steps that should be taken to
produce at minimal costs.
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Solution 1

To(E) = min {1 + J5(H), 4 + Jy(I)} = 5
JQ(F) = min {6 + Jg(H),?) + Jg([)} =6
Jo(G) = min {3+ Js(H), 3+ Js(I)} = 6

Stage 1

Jl(B) = min {7 + JQ(E),4 + JQ(F),ﬁ + JQ(G)} =10
Jl(C) = min {3 + JQ(E)72 + JQ(F),4 + JQ(G)} =8
J1(D) = min {4+ Jo(E), 1+ Jo(F).5 + Jo(G)} = 7

Stage 0:
Jo(A) =min{2+ J1(B),3+ J1(C),3+ Ji(D)} =10

Optimal production steps: A, D, F, I, J
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Problem 2 40%

A certain material is passed through a sequence of two ovens as shown in the following figure.

initial final

1811 T Ir X
temperature xg oven 1 1 oven 2 temperatu& )

—_— >
temperature ug temperature u;

x¢ is the initial temperature of the material, zx, k& = 1,2, is the temperature of the material
at the exit of oven k, and up_1, k = 1,2, is the temperature of oven k. The system dynamics
is given by

Th+1 = Tk + Uk-
a) Find the optimal policy uy = py (7)) that minimizes the cost given by (T — z2)? + u? + ud,

where T is the desired final temperature.

b) Calculate the final temperature of the material, given zy = tp, under the optimal
policy.

c) State how the cost function can be modified in order for the final temperature to be
closer to the desired final temperature.
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Solution 2

a) N =2 and the terminal cost is
g2(22) = (T = 22)* = Jo(22).
For k£ = 1 we have,
Ji(w1) = minfu] + Jo(z2)]
= n&lln[u% + Ja(x1 + uq)]
= minfid + (T~ a1 — )’ 1)

Since the second derivative of the above cost w.r.t. w; is greater than zero, the cost can be
minimized by setting its derivative w.r.t. ui, to zero. This gives,

0 = 211,1—2(T—1'1—U1),
T—.%'l

— Uy = 5 :,ul(xl).

Finally, by substituting the above optimal u; on (1) gives,

(T — 1‘1)2 ‘

Jl(xl) = 9

Now, a similar calculation as above for k = 0 gives,

T—.%'o
uy = 3 :MO(‘TO),
T—xo 2
Jo = 7( 3 ) .
b) Setting z¢ = to,
Tt T+ 2t
Ty = o+ ug=rty+ 0: 0
3 3
T+ 2t
= —5
T — T
— final temperature x9 = z1+u; =21+ 2:61 = ;xl
B T+(T+32to) B 2T—i—t0
B 2 3

c¢) Giving a higher weight to the cost that penalizes the deviation from the final temperature
causes the final temperature x5 to get closer to the desired final temperature T'.
Example: (T —29)? +uf +ud — r(T—x)?+ud+ud, r>1(r —oo=a23—17)

Alternatively you could avoid penalizing your input in the cost function. That would lead to
the desired temperature, too. Example: (T — z2)? +uf +ud — (T — x2)?
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Problem 3 40%
Consider the dynamic system
Tht+1 = Tk + Uk + W, k:07172

with initial state xy = 0, the state constraints —2 < x;, < 4 for all k and the disturbance

1 with probability &
W = ) P __y%forallk.
—1 with probability 5
The cost incurred at time k =0, 1,2 is given by
2 2
T +u 0<x <2
gr(Tp,ug) =75k
xp +up +13 . <0or xp > 2.
Given the terminal cost g3(z3) = 0, minimize the cost function
2
> ge (e, w)
k=0

and calculate the optimal policy uy = uk(xr) under the following input constraints

{1} if 2, <0
up € < {—1} if xp, > 2
{-1,0,1} =z, =0,1,2.
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Solution 3

k=3:
g93(w3) = 0 = J3(x3)
k=2:
JQ(CEQ) = min Fy, g2($2, UQ) + J3(563)
U2 ——
=0
.%'Q\UQ -1 0 1 X9 JQ (1‘2) /1,2(1'2)
2| - - 18 -2 18 1
-1 - - 15 -1 15 1
01 0 1 . 0 0 0
172 1 2 1 1 0
215 4 5 2 4 0
3123 - - 3 23 -1
4130 - - 4 30 -1
k=1:
Ji(z1) = I%ilnEwl [91(z1,u1) + Jo(2)]
. 1 1
= min \gy (21, u1) + 5 J2(21 +ur +1) + S22 +ur — 1)
ZCl\ul -1 0 1 T Jl(Il) ,ul(acl)
2 - - 27 -2 27 1
-1 - - 23 -1 23 1
010 8 3 . 0 3 1
1710 3 14 1 3 0
217 16 23 2 7 -1
3* 13 - - 3* 35 -1
4% 147 - - 4% 47 -1
*No need to calculate these states because they can’t be reached from xy = 0.
k=20

Jo(zo) = H}lin Euw, [90(z0,u0) + Ji(1)]

1 1
= n&in go(ﬁo,’do) + §J1(I0 + ug + 1) + §J1(I0 + ug — 1)
0

xl\ul ‘ -1 0 1 il ‘ Jl(l'l) ‘ /1,1(1'1)
0]16 13 6




