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Problem 1 25%

Consider the following discrete-time system
Tyl = T + up + Wi, Toup,wp €R, k=0,1,

where zj, is the state of the system at stage k, uy is the input and wy, is a (piecewise) continuous
disturbance uniformly distributed between —1 and +1. Finally, the cost function to be minimized
is given by

E {23 +uf+ui}.

Wo,w1
a)  Explain what the cost E {23 + u3 + u}} penalizes.
Wo,w1
b)  Find the optimal policy u} = ui(z1) and the optimal cost-to-go Ji(x1)?.

c)  Assume wy = 0 for all k, i.e. there is no disturbance. Find the optimal policy u} = u1(z1)
and the optimal cost-to-go Ji(x1).

d) Compare the optimal cost-to-go in b) and c¢) and give an intuitive explanation for your
observation.

e) How does the optimal policy change in c¢) if the input is constrained by 0 < uy < 1 for all
k7

'Hint: Let = be a continuous random variable with probability density function p(z). The expected value of
an arbitrary function g(z) is given by

+o0
E{g(z)} = [ g(x)p(z)dz.
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Solution 1

a) The cost penalizes the control effort and the final state error, i.e. the deviation of the
final state from zero; the solution will be a trade-off between minimizing the input and
minimizing the final state error.

b)  The optimal control problem is considered over a time horizon N = 2 and the cost to be
minimized is defined by

g2(z2) = x% and  gg(zk, ug, w) = uz, k=0,1.

We apply the Dynamic Programming Algorithm:
Stage 2:

Ja(x2) = ga(x2) = a:%
Stage 1:

Ji( mm B, {ul + Ja(22) }]

[
= mm [Ew {ul (1 +up + w1)2}]
= mln [Ew {ul + (1 + ul) + wl + (x1 + g wl}}
[ut

= mln ui + (x1 + ul) + Ewl{wl} + (£U1 +uq) wl{wl}]
Now, using Eq, {w1} = 0 and E,, {w}} = f+ wip(w)dw, = 5 er widw; = 1,
1
Ji(21) = min |uf + (21 +u1)? + 5| = min Cy(wy).
u1 3 ul

The minimum is attained at a u; for which the gradient with respect to u; is zero; that is,

oC 1

1
=2u +2(x1+uw)=0 = w3 =-—-x.
duy 2
Since the second derivative 8021 =4>0,u; = —%xl is the minimizing input.

Finally, the corresponding optimal cost-to-go is given by

. 1, 1

c) Similar calculations as in the above part yield

1 1
u] = —5% and Ji(x1) = 53:%

d) Although the optimal policies are the same, due to the quadratic term x% in the cost and
the linear term of the disturbance in the dynamics with coefficient 1, the expected value
of the optimal cost-to-go in the presence of a disturbance is increased by the variance of
the disturbance wy, By, {w?} = %, compared to the case where there is no disturbance.

e)  We obtain:
1. ifx <-2:uy =1,
2. if-2<x <0: u{:—%ml,
3. ifxy >0: uj =0.
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Problem 2 25%

Consider the transition graph shown in Figure 1.

b)

d)

row number

0 1 2 3 1
column number

Figure 1: Transition graph of the shortest path problem.

Calculate the shortest path from node 1 to node 12 and the corresponding optimal cost
using the Label Correcting Algorithm. Use the depth-first (last-in/first-out) method to
determine at each iteration which node exits the OPEN bin.

Instructions: If a node that is already in the OPEN bin enters the OPEN bin again, remove
the one that has already been in the OPEN bin. If two nodes enter the OPEN bin in the same
iteration, add the one with the largest node number first. Example: OPEN bin: 2, 3, 4; Node
exiting OPEN: 2 (nodes entering OPEN: 3, 7); new OPEN bin: 3, 7, 4; Node exiting OPEN: 3.
From a secret source you know that the distance from 1 to 12 is smaller than 13. Make
use of this information.

Solve the problem by populating a table of the following form?: State the resulting shortest

Iteration ‘ Node exiting OPEN ‘ OPEN ‘ dy ‘ do ‘ ds ‘ ‘ dis ‘
0 -

path and its associated cost.

Assume all nodes are on a grid as indicated in Figure 1. The problem is again to find the
shortest path from node 1 to node 12. The distance d;; between two nodes 7 and j satisfies
the following equation:

dij > |ri =i +lei = ¢l

where 7; is the number of the row of node 7 and ¢; is the number of the column of node 3.
Use this information to strengthen the condition on whether a node enters the OPEN bin
of the algorithm that was given in a). Solve the problem by populating a similar table.

Can this problem also be solved using the backwards Dynamic Programming Algorithm?
Give a short explanation.

Can this problem also be solved using the forward Dynamic Programming Algorithm?
Give a short explanation.

2Please use the paper in landscape orientation for the table.
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Solution 2
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Optimal path: 1 — 2+ 3~ 6+ 9~ 10 — 12 Cost: 10

Yes, a shortest path problem can be converted to a deterministic Dynamic Programming problem.

<)

d)

Yes, since the optimal control problem is deterministic.
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Problem 3 25%

Consider a sufficiently wide and straight river, where the water speed v linearly increases with
the distance xo from the river bank, i.e. v(x3) = axe, where a > 0, o > 0.

AT2

4{},’/

L 5V = axa

r,iver bank A
The dynamics of a boat on the river is given by

i‘l (t) = al'g(t) + ul(t),

i‘Q(t) = Ug(t), t e [O,T], 331(0> =0, .%'2(0) =0,

where z1 is the position of the boat along the straight river bank, xs is the distance from the
river bank, uq, uo are the inputs along x1 and xo, and T is fixed.

The control objective is to maximize x1(T"), the distance travelled along the river bank. Note
that the objective does not require x2(7") to be zero.

a) Find the optimal input (uj(t),u5(t)) for t € [0,7] under the constraints |u;| < 1 and
|U,2| < 1.

b) Find the optimal input (u(t),u}(t)) for t € [0,T] under the constraint u? + u3 < 1.
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Solution 3

The boundary conditions of the continuous-time optimal control problem are z1(0) = 0 and

22(0) = 0. The objective is to minimize —z1(T). Let = := (z1,22)%, u = (u1,u2)T and
— T

p:= (p1,p2)"

Applying the Minimum Principle:

With stage cost g(z,u) = 0 and terminal cost h(z) = —x1(7T) the Hamiltonian is given by

ars + u
H(z,u,p) =0+ [ p pz][ ng 1]

= p1(az2 + u1) + paus.

The adjoint equations

oH

pi(t) = e 0, = pi(t) = constant for ¢ € [0, 7],
1

oOH
o(t) = —— = —apy (t
p2(t) Dg ap1(t)

with the boundary condition
oh Oh
T = —=-1 d T = — =
»i(T) Oxq and - ps(T) Oxa 0

result in
pi(t)=—-1 and  po(t) =a(t—-T).

The optimal input (uf(t),u3(t)) is obtained by minimizing the Hamiltonian along the optimal
trajectory

u*(t) = argmin [—(az2 + u1) + a(t — T)ug]

(u1,u2)
= argmin [—u; — a(T — t)ug] =: argmin [Cy], ¢ € [0,T]. (1)
(ul,ug) (u17u2)

a) |ui| <1and |ug| <1:
Since the Hamiltonian is linear in w1, us with negative coefficients, the minimizing input
is given by (u}(t), u3(t)) = (1,1), ¢ € [0,T].

b) wi+ui<l:
Method 1: Since the Hamiltonian is linear in u1, us and the constraint set is convex the
optimal solution will lie on the border, i.e. u; = /1 — u% Note that u; = —/1 — u% is

not an optimal candidate due to the negative coefficient of u; in the Hamiltonian, which
needs to be minimized.

This implies,

u5(t) = argmin [—\/1 —ud —a(T - t)ug} =: argmin [Cy(ug)] . (2)

u2 u2

The minimum is attained at a us for which the gradient with respect to us is zero; that is,

gCt: () Tt =0 = = a(T —t) ‘
U2 1—uj V1+a?(T —t)?
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Since the second derivative

0*C 3
< — (14 aX(T = )25 >0,
ous |, ___ar-n
2T fita2(1-02
o a(T—t) . e e .
Ug = T T0)? is the minimizing input.
Note that here again we exclude uo = —% from the optimal candidate due to
a2 (T—

the negative coefficient of us in the Hamiltonian, which needs to be minimized. Finally
the optimal input is given by

1 a(T —t)

N (\/1+a2(T—t)2’ \/1+a2(T—t)2)

(ui(2), u2(t))

Method 2:(graphical)

L

Graphically, minimizing C; translates into maximizing the intercept —C} of the line u; =
—a(T — t)ug — Cy. This yields

1 a(T —t)

(\/1 +a2(T —1)2" /1 +a(T - t)2)'

(ur (1), us(t)) =
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Problem 4 25%

Mr. Lucky’s goal in life is to win the jackpot in a lottery and become rich. The three cities
Lefttown (L), Middletown (M), and Righttown (R) offer daily lotteries. Let xp € {L, M, R}
is the location of Mr. Lucky on the kth day. However, he is only allowed to participate in the
lottery of the city in which he is currently staying. Each day he wins either a ticket to go to
another city, a hotel voucher to stay in his current city, or the jackpot. He is always making
use of his prize on the same day. If he wins the jackpot, he retires and lives happily ever after
(J}k = T).

The above stochastic shortest path problem is represented by the following transition graph:

pMM(u)

prr(u) prR(u)

prr(u)
Every city’s lottery is offering different plans from which Mr. Lucky can choose each day (e.g.
if he is in city L he can choose lottery plan ay, or by),

U(L)={ar,br}
U(M) = {an,brr, e}
U(R) = {ar,br}

U(T) = {ar},
resulting in different probabilities for winning the prizes:

prr(ar) =1/2 pur(an) =1/4 pur(ba) =0 prr(ar) =1/2  prr(ar) = 1.
prum(ar) =1/4 pym(an) =0 pyr(by) = 3/4 prm(ar) =1/4

prr(ap) =1/4 pur(an) = 1/4 pur(em) =1/4 prr(ar) = 1/4

prr(bp) =1/2 pur(an) =1/2 pum(en) =1/4 prr(br) =0

prm(br) =1/2 pyr(ba) =0 pvr(enm) =1/4 pru(br) =1/2

prr(br) =0 puvn(bar) = 1/4 pur(en) =1/4 prr(br) =1/2

The objective is to find a stationary policy p(zy) for Mr. Lucky that minimizes the expected time to win
the jackpot starting from a given initial city ¢ € {L, M, R}, i.e. a policy that minimizes the following
cost

N-1 ) B
Jo(i) = Jim B { > g (@ p(zn)) |20 = z} with g(zx, p(zr)) = {0 if o =T,

N—ro0 P 1 otherwise.

Note: Part a) and b) can be solved independently.

a)  Find the optimal policy u(zy), xx € {L, M, R} for the given problem using policy iteration.
Start with evaluating the initial policies u°(L) = ar, u®(M) = cpr, and p°(R) = ag.

b)  Using value iteration, perform two iterations for the given problem and state the minimiz-
ing inputs at each iteration. Start with the initial values J°(L) = J°(M) = J°(R) = 4.

c¢) How do you know when to terminate the value iteration algorithm?
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Solution 4

a) Iteration 1:
Policy evaluation:

JHL) =1+ prr(ar) TN (L) + pra(ar)J (M) +prr(ag) JH(T)
=0

1 1
=1+ 5Jl(L) + ZJl(M)
= J (L) =2+ %Jl(M) (3)
JYR) =1+ prr(ar)J (R) + prar(ag) J (M) + prr(ar) JH(T)
=0
1 1
=1+ 5Jl(R) + ZJl(M)
= JYR) =2+ %Jl(M) (4)
JHM) =1+ parr(ear) T (L) + parm (enr) T (M) + parr(enm) T (R) + pur(ear) I (T)
=0
i+ irm s iran+ e
4 4 4
using (SLand (4) 91 %Jl (M) 4
= JYL)=JY(M)=JYR) =4

Policy improvement:

pt(L) = argél(ljil)l (14 prrlar)JN(L) + pra(ar)J (M), 1+ prr(br)J' (L) + prar(br)J ' (M)]

= arg;r(lLi? [4,5] =ag
p'(R) = ar%l?]%l (14 prr(ar)J (R) + pra(ar)J (M), 1+ prr(br)J (R) + prar(br)J (M)
= argmin [4, 3] = bp
ueU(R)
pH(M) = argmin [1+ parr(ann) T (L) + parar(an) T (M) + parr(an) ' (R),
L+ parz(bar) JH(L) + parae (bar) (M) + parr(bar) I (R),
1+ parr(ean) I (L) + pana(enr) T (M) + prrr(car) JH(R)]

= argmin [3, 2,4] = bys
ueU(M)
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Iteration 2:
Policy evaluation:

J2(L) = 1+ prrag)J*(L) + prar(ar) (M)
=1+ %JQ(L) + iJQ(M)

= J3(L)=2+ %JQ(M) (5)
J*(R) = 1+ prr(br)J*(R) + prar(br)J* (M)

= J*(R)=1+ %JZ(M) (6)
J*(M) =1+ prr(bar) J*(L) + paras (bar) J* (M) + parr(bar) J* (R)

using (5) and (6) 14 % 72 (M)

= J*(M) = %, JA(L) = g,JQ(R) = g

Policy improvement:

MZ(L) = arg;r(lLigl [1 +pLL(aL)J2(L) —|—Z7LM(GL)JQ(]W)7 1 +pLL(bL)J2(L> +pLM(bL)J2(M)}

argmin k 9] a
= - | =ar
ueU(L) _3 3
1 (R) = argl?ilgl [1+ prr(ar)J*(R) + pru(ar)J* (M), 1+ prr(br)J*(R) + prar(br)J? (M)
uceU(R
~[13 10
= argmin | —, —
ueU(R) L6 6

uz(M) = argUI?J\ZI; [1 —|—pML(aM)J2(L) +pMM(aM)J2(M) +pMR(CLM)J2(R),

1+ parn(bar) J2(L) + paras (bar) J2(M) + parr(bar) J*(R),
1+ par(ean)J*(L) + pana(enr) J* (M) + parr(earn) J2(R)]
[25 16 29] _,

— OM

| =t

= argmin ,—, —
12712712

ueU (M)

Iteration 3:
Policy evaluation:

= J3(M) = %, J(L)=,J*(R) =3

Since J3(i) = J?(i) holds for all nodes i the policy iteration algorithm has converged.
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b)

Iteration 1:

JYL) =min 1+ prrlar)J®(L) + pra(ar)JO(M), 1+ prr(br)JO(L) + prar(br) O (M)]
=min[4,5] =4 = v (L) = ag,
JY(R) = min [1 + prr(ar)J*(R) + prv(ar)J* (M), 1+ prr(br)J*(R) + pra (br)J (M)]
= min[4,3] =3 = u!(R) =
JI(M) = min [1 —|—pMR(aM)JO(R
1+ pyr(bar)J (R
1+ pur(en) (R
= min[3,2,4] = 2 = u!'(R)

mlanr) JO (M) + parrans)J°(L),

br
) +Dpm
(R) + parna (bar) (M) + parr,(bar) J°(L),
) (
by

+ parar(ear) JO (M) + parr (ear) JO (L) )]

Iteration 2:

JQ(L) = min [1 —I—pLL(aL)J (L) +pLM(aL)J1(M), 1 +pLL(bL)J1(L) —f—pLM(bL)Jl(M)]
Z, 8] _7 = u*(L) = ar,
2°2 2

J*(R) = min 1+ prr(ar)J" (R) + pru(ar)J" (M), 1+ prr(br)J (R) + pry(br)J' (M)]

)+ pava(ang) JH (M) + parr(an) T (L),
Y(R) + parns (bar) T (M) + parr,(bar)J* (L),
) (

L+ payr(ea) JH(R) + parne(ear) T (M) + parr(ear) T (L)]
C 116 13] 3
mln[4 T 4] §:>u(R)—bM

Value iteration requires the definition of a stopping criterion, e.g. J*(i) — J*~1(i) < € for
all nodes . If this stopping criterion is fulfilled, the algorithm is terminated. However, it
is not guaranteed that the policy has converged.



