E ' H IMRT « . Measurement and Control Laboratory
S

Eidgendssische Technische Hochschule Ziirich Prof. L. Guzzella
Swiss Federal Institute of Technology Zurich Prof. R. D'Andrea
Final Examination January 28th, 2009

Dynamic Programming & Optimal Control (151-0563-01)  Prof. R. D'Andrea

Solutions
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No calculators.

Important: Use only these prepared sheets for your solutions.

General Hints: E(-) denotes the expected value.

E(rs) = E(r)E(s), if two random variables r, s are inde-
pendent.
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Problem 1

Figure 1

25%

Find the shortest path from node S to node T for the graph given in Figure 1. Apply the Label
Correcting Method. Use Depth-First Search to determine at each iteration which node to remove
from OPEN; that is, the node is always removed from the top of OPEN and each node entering

OPEN is placed at the top of OPEN (last-in/first-out policy).

Solve the problem by populating a table of the following form:

Iter- Node exiting | OPEN | dg | dy | do | d3 | dg | ds | dg | d7 | dg | dy | dp
ation | OPEN

0 -

1 S

2 4

where the variable d; denotes the length of the shortest path from node S to node i that has

been found so far. Note that the first two nodes exiting OPEN are given.

State the resulting shortest path and its length.
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Solution 1
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S—-+3—-4—-5—-6—>8—T with a total length of 7.

The shortest path is
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Problem 2 25%

Consider the following system
Thi1 = fip (Thy g, wg), ik =1, 2,
where
J1(Tg, up, wi) = wpry, + wug
folxp, ug, wy) = wpry — 2WEUE -

The disturbance wy, takes the values 0 and 1 with equal probability. The input wuy is restricted
to be 1 or —1.

State constraints are given as follows:

—QkSZEkSQk.

Starting from an initial state zg = 0, the goal is to minimize the cost

E {x%—kx%—i—x%}.

Wo, w1

The control inputs are ug and .

Apply the Dynamic Programming algorithm to find the optimal control policy and the optimal
cost Jp(0).
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Solution 2

The optimal control problem is considered over a time horizon N = 2 and the cost, to be
minimized, is defined by

g2(z2) = .CE% and gk (T, ug, w) = xz, k=0,1.

Note that the state zj takes on only integer values since wy € {0, 1}, u € {—1, 1}, and z¢y = 0.

The DP algorithm proceeds as follows:

2nd stage:

The recursion is started with
JQ (372) = 1‘%

for all feasible xo € {—4, =3, ..., 2, 3, 4}.

1st stage:

Proceeding backwards, we get:

Ji(xy) = ilgﬂ%} fi{x% + J2(fir ($1,U1,w1))}
wre{—1,1}

i 2
= oo’y E{x%—k (fir (1, w1, w1)) }
ure{-1,1}

The functions fi (g, uk, wy) and fo(zk, uk, wy) are rewritten as
Ji(wg, ug, wi) = wi (T +ug) = wi ha(wg, ug)

fo(@p, uk, w) = wi (T, — 2ug) = wy, ho(xg, ug) -

Using these definitions, we get

Ji(r1)= min FE {x% + wi (hi, (:cl,ul))Q}

11€{1,2} w1
ure{-1,1}
= min {m%—l—O.S-OQ—l—O.E)- 12+ (hyy ($1,u1))2}
i1e{l,2}
ule{fl,l}
2 . 2
= 0.5 - h; , .
of + 05 min {(b @)’}
ule{fl,l}

Now, by evaluating h;, (z1,u1) for all feasible x; € {—2, —1, 0, 1, 2} considering possible input
pairs,

(ur,i1) € {(1,—1), (1,1), (2, —1), (2, 1)},
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the state-dependent minimizing input and the corresponding cost-to-go Ji(x1) are found:

Ji(—=2)=4+0=14, with  p*(—2) = (2,-1)
Ji(-1)=14+0=1, with  pi(—1) = (1,1)
J1(0)=04+0.5=0.5, with  p7(0) = (1,+£1)
Ji(l)=14+0=14, with  ui(1) = (1,-1)
Ji(2) =44+0=14, with  p7(2) = (2,1).

Oth stage:
Finally with the initial condition x¢ = 0, the optimal cost is calculated by
J()(O) = min E{02 + J1 (fz‘o (0, ug, wo))}

i0e{1,2} wo
upe{—-1,1}

= iy {051 (fiy (0.10,0)) + 0.5+ i (£, 0.0, 1) }
upe{—1,1

= min {05-71(0) + 0.5 Ji (fiy (0,0, 1)) }.
upe{—1,1}

The input,
1o(0) = (1,£1),
minimizes the cost function and results in

Jo(0) =0.5-J1(0) + 0.5 Jy (£1)
=0.25+0.5=0.75.
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Problem 3 25%

Consider the following discrete-time system:

Tpt1 = Tg + U + Wi, k=0,1,...,00
Y = Tk,
where xp, ug, wg, and yg are real numbers. The initial condition is g = 1. The w; are

independent random numbers with F(wg) = 0 and E(w}) = 1.
The cost function is the following;:

J = lim 1Nz_:lE <$]2€+u2>
Nose N =72 ° )
We restrict ourselves to the following class of feedback laws:
ug = Fyg,
where F' is a constant gain.

a) Find the gain F' that minimizes the cost J.
b)  Now consider the measurement corrupted by noise:
Yk = Tk + Vg,

where the vy are independent random numbers with E(vg) = 0 and E(v) = 1. What is
the cost J if the same feedback gain that you found in part a) is used?
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Solution 3

a)

b)

This is an infinite horizon, perfect information problem for a linear system with a quadratic
cost function. The optimal feedback strategy is a constant gain, which coincides with the
class of feedback laws that we are considering in this problem. We therefore just have to
find the optimal LQR gain for

1
A=1, B=1, in, and R=1.

Solve the Riccati equation:

K? LD K* 1
K+1 2 K+1 2

The positive solution therefore is K = 1. The optimal feedback gain is thus

K=K-

o K1
K+1 2
Consider the closed loop with u, = %yk = —%xk — %vk :
L + L + (1)
T =z T — =V Wy = =T — =0 Wy,
k+1 B 5%k T 5k k= 5Tk Uk k
The cost becomes
N-1 2
1 x
= lim — Bk 4]
7= Jm 5 3 (B (5 )

k=0
N-1
. 1 1 1 1
=§g;3;kﬂ QE@%»+4E@%w+4E@@)
1= /3 Ba?) + L
oo N 4 ’
k=0
where we used E(zivi) = E(zr)E(vg) = 0, which holds because vy is an independent
random variable and F(vg) = 0.

Now, using (1) and by independence of v and wy, we have

1 1 1
E(:n,iﬂ) =F <4xi + sz + w,% ~ 5%kUk + xpwy — vkwk>

= B + {BOR) + B(w})
1 1
= Bf) + 7 +1
= 1B+ )

Let a = limg—,00 F(27), which exists since the recursion (1) is stable. Substituting this in
(2), we can solve for a,

_3
1 3



Final Examination — Dynamic Programming & Optimal Control Page 9

Therefore, the cost is

N-—1

1 35 1
— lim — 2.2,
J= 0w <4 3+4>

k=0

N-1
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Problem 4 25%

Consider the following nonlinear differential equations

i1 (t) = o (t)ur (¢)

with initial conditions

where all variables are real numbers.

The control inputs have the following constraints:

i (t)] <1 and  |us(t)| < 1.

a) Find control inputs u;(t), uz(t) which drive the system to (z1, x2) = (1, 0) as quickly as
possible.

b) Does it take longer or shorter to drive the system to (z1, x2) = (0, 0)7?



Final Examination — Dynamic Programming & Optimal Control Page 11

Solution 4

a) The goal is to find an input trajectory (uq(t),uz2(t)), t € [0,7] which accomplishes the
transfer from

(1(0), 22(0)) = (=1,0) to (21(T),z2(T)) = (1,0)

in minimum time. Thus, we want to
T
minimize T = / 1dt.
0

Using the standard notation of the cost functional,

T
h(x(T)) + /0 oo (t), u(t))dt,

that is
g(x)=1 and h(z(T))=0.

Apply the Minimum Principle.

e The Hamiltonian is given by

H(x,u,p) = g(z,u)+p" f(z,u)
= 1+ p1xous + paxius.

e The adjoint equations follow from the equation above:

OH

pi(t) = =5~ (@7 (1), (1), p(t)) = —pa(t)uz(?)
po(t) = =5 = (@7 (1), " (1), p(t)) = —pr(D)u (t)

Since we have a Fixed Terminal State Problem, there are no boundary conditions on
.
e In addition, for optimal time problems, the Hamiltonian satisfies

H (27(t),u” (1), p(t)) = 1+ p1(t)x3()uy(t) + p2(t)z1(H)us(t) = 0 (3)

for all ¢t € [0, 7).

e The optimal input u*(¢) is obtained by minimizing the Hamiltonian along the optimal
trajectory

u*(t) = argmin {H (z*(t),u,p(t))} = argmin {1 + praus + pozius}
Jur|<1 |uq|<1
luz|<1 |ug|<1

Since the Hamiltonian is linear in uy and wus, it follows that the optimal strategy is
bang-bang; that is,

u =
! 1, if pyas <0
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and

—1 if *>0
wp(ty =4 0 L= (5)
1, if poz <O,

assuming that there are no intervals T = [t1,t2], 0 < t; <ty <T, where

pi(t)az(t) =0 or pa(t)zi(t) =0,  VieT. (6)

Prove bang-bang strategy.

In order to have a bang-bang time-optimal solution, we have to show that assumption (6)
holds.

First, assume z7(t) =0 V¢t € T. Then,

Bt = 2 (ul(t) =0 Ve T.

It follows that

x5(t) = const VteT.

That is, we do not move anywhere! Since the differential equations for x; and zo are
symmetric, we can proceed in the same way for z5(t) =0 V¢ € T. So, the case, where x;
or z9 are 0 for any interval T, is not interesting, since nothing happens. We do not move.

Now, assume p;(t) =0 V¢t € T. Then,

pi(t) = —po(t)ul(t) =0 Ve T.

In order to satisfy the equation above, we have two options:

a) po(t)=0 Vte T; however, this is a contradiction to (3).

b)

ui(t) =0 Vit € T; but then, (3) does not hold either.
2

Because of symmetry, we can do the same for po(t) =0 Vte T.

To sum up, above’s considerations show that the optimal input u*(¢) has to be bang-bang.
p

Consider zero-switch solution.

We first consider the case, where uj(t) = const and u3(t) = const over the whole time
horizon 0 < ¢t <T.

Distinguish two different cases:

D

f f o — — .
u] =u; =u==1:

In this case,

] = zhu
Sk %
5 = ziu
That is,
it =’z = 1} and (7)
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1)

It follows that,

x](t) = Acosht + Bsinht

A B
x5(t) = Esinht + " cosht,

where A, B are constant and cosh and sinh denote the hyperbolic cosines and sines:

t —t t -t
cosht := % and cosht := %

The constants A and B are chosen, such that the initial conditions are satisfied:

Z(0)=A=—1
. B

Finally, we get
x](t) = —cosht and z5(t) = —% sinht.
However, this solution does not solve our problem. It never reaches our final destina-
tion (z1, z2) = (1, 0); that is, x7(¢) # 1 and z5(¢) # 0 for any t > 0.
u; = —uz=u==+1:

In this case,

] = z5u
Ty = —zju
That is,
* 2 % __ * d

¥ = —ur] = —x] an
-k
T

=21
u

It follows that

x](t) = Acost + Bsint

. A . B
x5(t) = . sint + Ecost

with A, B being constant. From the initial conditions, we determine

z7(0)=A=-1
B
5(0)=—=0.
5(0) U
Finally, we get
1
xi(t) = —cost and x5(t) = " sint. 9)

Note that for 7' = 7, the final state is reached, z7(T) = 1 and x3(7") = 0.
What still has to be checked, is that (9) and the corresponding costates p1(t) and
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pa2(t) satisfy the necessary conditions of the Minimum Principle, namely Equations
(5), (3), and (4). In order to verify these conditions, we have to calculate the costates:

b1 = p2u
P2 = —p1U.

That is,

p1=—u’p1 = —p1

. P
p2=—.
u
It follows that
pi(t) = Ccost+ Dsint (10)
C D
p2(t) = ——sint + — cost. (11)
u u

With these results, Equations (10) and (11), and the state trajectory (9), Equation
(3) reads as

H (2 (), u*(£), p(t)) = 1+ p1 (3072w — po(t) (6)

2
=14 Ccostsint + Dsin?t — Ccostsint + D cos® t
=14+D
0.

That is D = —1. Moreover, in order to satisfy Equations (4) and (5), the constant C
has to be chosen: C' = 0.

To conclude, we found a trajectory (9) transfering the state from
(21(0),22(0)) = (=1,0) to (21(T),z2(T)) = (1,0), intime T =1,

and satisfying the necessary conditions of the Minimum Principle. The trajectory
describes a circle which, depending on the choice of u € {1, —1}, lies above or under
the xi-axis.

Important to note is that the Minimum Principle is just a necessary condition. There
might be a multiple-switch solution which is faster; i.e., with 7" < 7. Proving that there is
actually no other trajectory satisfying the necessary conditions is quite cumbersome and
not required here. Nevertheless, intuition tells us that for a fast transition from the initial
to the final state, #1(t) = z2(t)u1(t) should be chosen large. Therefore, for an optimal
solution, |z2(t)| should increase quickly during the first half of the trajectory and decrease
at the end. This behavior can be observed when carefully looking at (9).

=

Grading: Required for full grade was the derivation of the zero switch
solution IT), which results in a circular trajectory from the initial state to
the final destination, and the verification of the necessary conditions for
this trajectory.
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b)

Longer. In fact, it takes an infinite amount of time to drive the system to (0,0). Why?
Assume that we can drive the system to (0,0) in a finite time 7', T' < co. Define

z1(t) = (T = t), vi(t) = ui (T — 1),

Zg(t) :IL‘Q(T—t), UQ(t) :UQ(T—t).

Then,

Zz(t) = —ig(T — t) = —xl(T — t) UQ(T — t) = —Zl(t) Uz(t)

with initial conditions
Al (0) =0

The inputs u; and uo are bounded and, therefore, v1 and vy are bounded. From the initial
conditions, it follows
Zl(t) = 22(25) =0 Vt> O,

which is a contradiction to z1(7) = —1, our initial condition in the original problem
definition.



